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PREFACE

It is an honor and great pleasure for the Department of Mathematics —
Universitas Gadjah Mada, Yogyakarta — INDONESIA, to be entrusted by the
Southeast Asian Mathematical Society (SEAMS) to organize an international
conference every four years. Appreciation goes to those who have developed and
established this tradition of the successful series of conferences. The SEAMS -
Gadjah Mada University (SEAMS-GMU) 2011 International Conference on
Mathematics and Its Applications took place in the Faculty of Mathematics and
Natural Sciences of Universitas Gadjah Mada on July 12™ — 15" 2011. The
conference was the follow up of the successful series of events which have been
held in 1989, 1995, 1999, 2003 and 2007.

The conference has achieved its main purposes of promoting the exchange
of ideas and presentation of recent development, particularly in the areas of pure,
applied, and computational mathematics which are represented in Southeast Asian
Countries. The conference has also provided a forum of researchers, developers,
and practitioners to exchange ideas and to discuss future direction of research.
Moreover, it has enhanced collaboration between researchers from countries in the
region and those from outside.

More than 250 participants from over the world attended the conference.
They come from USA, Austria, The Netherlands, Australia, Russia, South Africa,
Taiwan, lIran, Singapore, The Philippines, Thailand, Malaysia, India, Pakistan,
Mongolia, Saudi Arabia, Nigeria, Mexico and Indonesia. During the four days
conference, there were 16 plenary lectures and 217 contributed short
communication papers. The plenary lectures were delivered by Halina France-
Jackson (South Africa), Jawad Y. Abuihlail (Saudi Arabia), Andreas Rauber (Austria),
Svetlana Borovkova (The Netherlands), Murk J. Bottema (Australia), Ang Keng Cheng
(Singapore), Peter Filzmoser (Austria), Sergey Kryzhevich (Russia), Intan Muchtadi-
Alamsyah (Indonesia), Reza Pulungan (Indonesia), Salmah (Indonesia), Yudi
Soeharyadi (Indonesia), Subanar (Indonesia) Supama (Indonesia), Asep K. Supriatna
(Indonesia) and Indah Emilia Wijayanti (Indonesia). Most of the contributed papers
were delivered by mathematicians from Asia.



We would like to sincerely thank all plenary and invited speakers who
warmly accepted our invitation to come to the Conference and the paper
contributors for their overwhelming response to our call for short presentations.
Moreover, we are very grateful for the financial assistance and support that we
received from Universitas Gadjah Mada, the Faculty of Mathematics and Natural
Sciences, the Department of Mathematics, the Southeast Asian Mathematical
Society, and UNESCO.

We would like also to extend our appreciation and deepest gratitude to all
invited speakers, all participants, and referees for the wonderful cooperation, the
great coordination, and the fascinating efforts. Appreciation and special thanks are
addressed to our colleagues and staffs who help in editing process. Finally, we
acknowledge and express our thanks to all friends, colleagues, and staffs of the
Department of Mathematics UGM for their help and support in the preparation
during the conference.

The Editors
October, 2012
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MATHEMATICAL ANALYSIS OF FLUID FLOW THROUGH
RECTANGULAR MICROCHANNEL WITH SLIP BOUNDARY UNDER
CONSTANT PRESSURE GPADIENT

SUHARSONO, Y. H. WU, B. WIWATANAPATAPHE

Abstract.’[n this paper, we derive analytical solutions for transient flow of Newtonian fluid through rectangular

microchannel with Navier slip boundary under constant pressure gradient The derivation of the solutions is based
on Fourier series expansiols in space. We then investigate the influence of the ship parameters on the phenomena
o o A

T'he effects of the slip parameter on transient pressure field and velocity as well as flow rate will be presented in

this paper.

Keywords and Phrases : Rectangular, Slip, transient flow, pressure gradient

1. INTRODUCTION

Recently, one of the important scientific research focuses worldwide has
been on the study of the behavicur of materials at micro and nanoscales. Advances
from the research community in this area led to the development of many
biological and ergineering devices and systems. Most of these devices and systems
involve fluid flow through microchar.nels, referred to as microflows. Some models
involve transient or steady flows. Many methods have been used to solve the
models. One of the methods has been applied to solve the model of transient flow
of Newtonian fluids with slip bovrdary [1, 2].

The governirg field equations for the flow of incompressible Newtonian
fluids are the incompressible continuity equation and the Navier-Stokes equations.
In addition, a boundary condition has to be imposed on the field equations. A
number of evidence of slip flow of a fluid on a solid surface has been reported.
More recently, Y H Wu et al studied pressure gradient driven transient flows of
incompressible Newtonian liquid in micro-annuals under a Navier slip boundary
condition. They use Fourier series in time and Bessel functions in space to find out
exact solution [1]. Some steady state and transient slip solutions for the flows
through a pipe, a channel and an arnulus have been obtained [1, 2, 3]. In this paper,
we will derive a new exact solution for the transient flow of Newtonian fluids in
rectangular microtubes with a siip boundary condition under a constant pressure
gradient.

2. PROBLEM DESCRIPTION AND MATHEMATICAL FORMULATION

We consider the flow of an incompressible Newtonian fluid through a
rectangular micro fube with the z-axis being in the axial direction as shown in
Figure 1. The differential equations governing the flow include the continuity
equation and the Navier—Stokes equations as follows

|
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p[ig_' L L L +pg,’("=1,2,3:f=1’2»3) @)

+
at R dx ox,0x,

v the fluid pressure and velocity vector, g, is the

where p and U, are respectivel
u are respectively the fluid density and

gravitational acceleration , P and

viscosity and x, denotes coordinates.

As the flow is axially symmetric, the valocity components in the x and y directions
vanish, namely U, =U, = 0 andU, = Uy =0. Thus the continuity equation (1)

becomes
oU, _ oU, _0.
ox, oz

which gives riseto U, =v = v(x, ¥.!).

As the flow is horizontal, g, = g, = 0, and hence Eq. (2 ) becomes
L)
o) et et o

In this work, we consider the fluid flow driven by the pressure field with a
pressure gradient g(2) which can b= expressed by a Fourier series, namely

5 C 2
—aﬁ =q(t)=a, t+ Z [u“ cos(nwt)+b, sin (nmf)] (3)

e n=|

We use complex number to express it by exponential functions, namely
ap -
et - RC c emwﬁ
0z ; 2

where

g =g, ~Biy ™ = cos(nat ) +sin (nwt).

-b

Figure 1. The flow channel and the coordinate system used
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As the problem is axially symmetric, we only need to consider a quadrant of the
cross-section in the computation.
By applying the Navier slip conditions in the first quadrant of the rectangular cross
section, as in the paper by Wu et al [1] and Duan & Murychka [3], for every time
1, we have :

Q(x.(}}:{); 0sx=a
ay
Q(O.)‘)=O; A eS|
ox
av
v(x,b)+1-a—(x,b}=0; s s g
)

v(a,y)+lgi(a,y): 0, U=y =b
ox

(4
3. EXACT SOLUTION FOR THE TRANSIENT VELOCITY FIELD
Consider the unsteady Navier Stokes equation
'u 8w _pdu_10p (%)

e
Ay @yt pdl g 0E

Op

. . . % . at 3 S
[0, s the solution of (5) for e, "™, then the complete solution of (5) for

0z

0 : o 3 . o
a—[ = Rchne Y= Zan cos(nat)+b, sin(nwt) is u= L Re(u,).
z n=| n=| n=l

Therefore, the equation ( 5) becomes

2 ")
ﬁ{a 73 +5 u,,J_au,, _ Cu ginar

olax &) a p

To solve this equation, we let,

un(.x,).,[) — j;’(-x, -V)GHF!IH’

so that

Cn Inet
e

M I

naf az .]‘;: 52 j‘n In w[O il
“ ) Je
- ,V
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whizh is equivalent to

n

2 2 .
(a@ﬂﬂ‘mw = (6)
ox- oy

In case of QE =a, € R, itmeans n= 0 so that the equation (6) becomes

L

azfr;__'_.% =EQ (7)

xt ot ou

Novs we let u, = f,(x,») is the sclution of the equation (7), then’

2 2
it N (8]
ox™ Oy H

We write

0 (52) = U (53) 73 (5) +C (4 £57).

2 217 21r

o'V, oV
By subsiituting it into (8) we have = e C{O =0 and = 4———=0.This

Ox oy Ox oy*

implies C = EO—, so that
4u
1, (x, y) =Ly (x, _1-) + K (.r,y) +§”—(x2 + 7 ) (9)
B :

Base on boundary condition 4,, this aquation becomes

a ) 6U 31;, 'I p
UO ('{‘,')’)+ Vo (a»_}‘)+4—;£(("‘ +}'2)‘|"!{a—0‘((?,'}’)+ : ( ({J.}‘)-{-—a—(—(Z({)J £ O

X ax 4
which yields

s
Up(a.p)+1 9Ly (a,y) =ﬂi(az +y° +2a!) and

X 4u

(a,0)=0.

ov.
, (a.y) +/ on




5 SUHARSONO, Y. H. WU, B. WIWATANAPATAPHE

Similarly, boundary condition 45 gives

Uo("sb)"‘Vo(Lb}‘F%(xz+b2)+l{%%°—(x,b) “(rb)

which yields

FREASTY a—aqo-(x, 5)=0 and
X

V,(x,b)+! ”(A b)= -2 (x? +b" +201).

4u

Hence, boundary condition 4 can be split into

g, ol aU0 oU,
Ko n —L{ly)=0, 0)=0
ox’ o oy’ (0.%) ay (0)

BVP1 Uo(a,y)+’ °(a y)——4 (a +y ;.a[)
!

L
al,

Uo(x,b)+[—r—(x,b)=0
Ox

.3V

d o ,:.‘lVo aVD aVo
2 2ec0, Z2(0.5) <0, 0 (x,0)=0
axl’ (;1'1#2 ( -}) a}’_ (‘: )
VP
B 2 Vo(a (a J) 0

I’u(x {1)+¢——'—(x )_-—4—;1 (X +b =E Eb!)

Thus, the problem becoming simple and remaining work for finding f, is to solve

the two BVPs.

We first solve (BVP1) to obtain U, (x. ).’) by the separation of variables. For this
purpose, let
L= X2) FCR) (10)
Then from (10) and the homogeneous boundary conditions in BVP1, we have
ey =0, Q=0 Y(by+1Y'(b)=0 ChID

X"-AX=9, X'(0)=0 (12)
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It can be proved that non trivial solutions exist only for 4 = v® > 0. From the

ordinary diffcrential equations, we have

Y =6 cns(ﬁy)JrC:sin(ﬁy), (13)
.Y:D]COSh(\/Z,‘{}JrDZSiI'Ih(\/PEX) (14)

The boundary conditions (11); and (12); require that C, = D, = 0; while the
boundary conditicn (11); implies

(‘Ol(ﬁfr)=[ﬁ or C(‘nt(hu):fu (13)

This equation has infinite number of solutions v, U;,U;,... which being the value

of the intersections of the graphs y=/v and y = Cot( bu). Consequently there
exist an infinite aumber of corresponding eigenvalues and eigenfunctions as
follows

m ~ “m>

=i3- (]Jm '—:COS(\//JL”, _1’), m=12 3 (16)

Thus. the solution of (BVP1) can be written as

iy = fow cosh( v, x)cos(v,, ¥) (17)

m=1

T meet the nonhomogeneous voundary cc ndition BVP1 for U, it requires

o

D[ cosh(v, a)+lv, sinh{u, a) )4, cos(uv, y)=-—-(a’ + 3" +2af) .
m=| 4}“ i

(18)
It can be proved that the eigen function ® = Cos(t)m y), (m=1,2,3.-+) are

orthogonal on [0.A] with
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h

j(Dm(Dn dy=0 for nzm and
. (19)
2hv,, +sin(2bv,,)

dv

b b
M, = I@md)m dy = jcosz (v, y)dy =
0 0

Thus, the coefficients of A, can be determined by

b
r -a, N | 'Ha: + 7 +2a,’)cos(um}')d)‘
duM, = [cosh (ar)m ) +lv, sinh (aum )] %

e |

A i 2 h %l
-a, (az +2al )sin (bv,, ) +b* sin (bu,, ) +-—| beos (bv,)- sin (b, ) JJ

m o\ e

U [Zba,y,, +sin(2bv,, )J[cosh (av, )+!v, sinh(av, )]

(20)
Similarly, the solution Fj of the (BVP2) is
V, =Y. B,,cosh(D, y)cos(D, x} (21)
m=l1
where D, is the root of the equation
Cut(ut_’):z’ﬁ. (22)
and
= T at . +sin(2aU,
M, = Jcos‘ (D, x) dx = i (24D, ) (23)
4p

0 m
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Similarly, the cocfficients of B, can be determined by

_.(I i } y E

B o= [T v b7 + 261 Yeos(D, x)dx
m J,'uﬁlmm [(_‘()Sh (baﬂr)'*'[b_,,,ﬁil‘:h(h l—)” )]:1:(\ 7 )L(}H(r) \)f

)

R 1
= (b +2hl)sm(aum)+a sm(aum)+5-lacos(uum)-——-———-{_me ]

m

i p[ 24D, +sin{2a0, ][ cosh (63, ) +15, sinh (63, )]

(24)
Substituting (17) and (21) into (9) yields the solution .
a 5 N
u, (X, 3,0) = —(x? 4" )+ Z[Am cosh(v, x)cos(v, ¥)
4p el (25)
+ B, cosh(D, y)cos(D, \):]
From the axial velocity solution (25), the flow rate can bz determined by
ha r
o) = 4J‘J'n(.\‘,_1 Qe dy =y + LQ” (26)
0u n=1
where 0, and Q, are respectively, the flow rate corresponding to the constant
component and the nth harmonic component ol the pressure gradient and
s F 3 | A, . :
Q,==—2|ab+ab +4Re ). Lo sinh (av, )sin(bu, )
3# m=1 l);l .
. (27)
B, :
- sinh (o, )sin(av),)
",
We let that
g X w3 o il
¥ =—n ) { e (28)
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From (25), (27), and (28), we obtain the following normalized velocity and

normalized flow rate

u, (x'y")= jgzuo =x"+(gy’ ) + :};12 R i,[A cosh {av,x")cos (b, ')
0 0 L

+ B, cosh (hUm y )c-os ( av, X H

(29)
; 12 2 A, . .
gL = 3#4 Q =i+e'+ ﬂi Re)’ Zusinh(av, )sin(bv, )
a,éa ! aéd m=t [ Un ( (30)

+ sinh (b0, )sin{aD,,)

-2 m

m

To demonstrate the influence of the slip length in the flow behavior, we
analyze the solutions graphically. Figures 2 shows 2D velocity profiles on
(he sross-section of the channel for various different values of /. Figure 3

shows the infiuence of the slip length 7 on the flow rate g .

g = Tk | / =5
7 ey, N 1 T
p g W™ K i \
/ /’ \\ \ J
/ \ 4 \
/ \ 7 \
19 / LR . J
F'/ \\ Iy \\
¥ 'y AL 5 Iy \
o ‘ T a0 g, L
i 1 1 - i=001| 8 1" \ i= 00! |
i il W o |l——i=e0s) = | . |- —t=00s
. B 5 il i 3 04 {-,/ v |=mi=ar
NaEmam < ) i
* /! W s 1
n.a-f‘( l\| i “‘.
/ H ! !
! \
/ \ ! 1
n 1 n‘\l 1
U \ | L,
il 33 g 0's i 5T 3 0% {
x-Ax y-ARIS
(a) (b)

Figure 2, 2D graphs showing the axial velocity profiles along the x- axis and
y- axis for different / values (a) along the x — axis; (b) along the y - axis.
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S

A G——
[
A B
.
% -2 e
§ B - 1
: o}
-2.4r 1
e 0.04 0.06 0.08 G

Slip length

Figure 3. Variation of flow rate with slip length /.

4. CONCLUDING REMARK

In this paper we present an exact solution for transient flow of incompressible Newtonian
fluid in rectangular microtubes with a Navier slip condition on the boundary under constant
pressure gradient. We also show the velocity profile and variation of flow rate with slip
ap
length { in the cross section for the case of o =-2.
oz
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