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Abstract  

Toroidal shells as pressure vessel have been used as LPG storage tanks for passenger cars. Current 

practice places the toroidal LPG tank on the position of spare wheel of a passenger car. In addition 

to its easy in installation on a car, toroidal tanks have higher limit pressure than an equivalent 

cylindrical tanks for certain values of radius ratio. In practice, designer has to decide whether 

choosing circular or oval cross-section. Oval cross-section can be chosen either in-plane or out-of-

plane oval. In-plane oval cross section has major axis from extrados to intrados, whereas, out-of-

plane oval has major axis of cross-section from crown to crown. This paper reports a finite element 

study of the nonlinear behaviour of in-plane and out-of-plane oval toroidal shell under internal 

pressure. The ANSYS shell element has been used in finite element modeling. The material 

properties were assumed to be elastic-perfectly plastic. Limit pressure was obtained via the well-

known Newton-Raphson algorithm for nonlinear analysis. Radial displacement of nodes in the 

position of extrados, 45
0
 from extrados, crown, 135

0
 from extrados, and intrados were reviewed. 

The results show that the load – displacement relation is linear for toroidal circular both in elastic 

and plastic state indicated the membrane dominant behavior. Very significant nonlinearity occurs 

for both in-plane and out-of-plane oval cross-section, believe to be due to shell bending. The overall 

results show that toroidal shells of circular cross-section have higher limit pressure than those of 

oval cross-section. Volume expansion of toroidal shell of circular cross-section due to internal 

pressure dominated by membrane behavior, while for oval cross-section, bending behavior 

contributes. It is interesting to note that limit pressure of toroidal shell having out-of-plane oval 

cross-section is higher than those of in-plane oval.      

 

Keywords: toroidal shells, in-plane oval, out-of-plane oval, nonlinerity, membrane, shell bending, 

finite element 

 

Introduction 

Toroidal shells are usually used as pressure 

vessels and pipe bend (elbows) in piping 

systems. In pressure vessels application, 

complete toroidal shell can be used as storage 

tank for LPG in a passenger cars. This 

technology has been applied in many 

european countries. Incomplete toroidal shells 

are usually used elbows and pipe bend to 

absorb thermal exspansion.  

 The behaviour of pipe bends and 

elbows has attracted the researchers long time  

 

ago. von Karman [1] was the first who found 

matematically that pipe bends under bending 

moment load are more flexible than an 

equivalent straight pipe with the same 

material properties and cross-section. In the 

middle of the last century, it was found also 

that the behaviour of pipe bends under 

bending and internal pressure was nonlinear. 

The reason for this is due to the Haigh effect 

[2]. Any pipe, straight or cuve, loaded by 

internal pressure, behave nonlinear if the 

cross-section is not perfectly circular.  This 
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phenomenon has been acomodated in the 

ASME piping code since then in terms of 

pressure reduction effect for flexibility and 

stress-intenfication factors [3]. These factors 

were assumed to be applied for both in-plane 

cosing and opening bending. Lubis and Boyle 

[4] derived equations for the pressure 

reduction effect in line with the ASME code 

equations, originally proposed by Rodabaugh 

dan George [5]. The nonlinear behaviour of 

piping elbows under in-plane bending and 

internal pressure was reported by Lubis [6]. 

This paper shows that nonlinearity occurs 

more significant in piping elbows loaded by 

in-plane closing bending and internal pressure 

than those loaded by in-plane opening 

bending and internal pressure. It was worth 

noting that in-plane closing bending cause the 

cross-section become oval with major axis 

from crown to crown, known as out-of-plane 

oval. Subsequent internal pressure loading 

would reduce ovality and open-up the bend. 

In contra to this, in-plane opening bending 

cause ovalisation of cross section with major 

axis from extrados to intrados, known as in-

plane oval. Subsequent internal pressure 

loading would also reduce ovality but close-

up the bend. This results shows that 

nonlinearity more significant for pipe elbows 

having out-of-plane oval cross-section.  

Research on the behaviour of complete 

toroidal shells as pressure vessels is quite a 

few found in literatures compared to 

incomplete toroidal shells as pipe bends and 

elbows.  This is probably caused by limitation 

of its usage and difficulty in fabrication 

compared to cylindrical pressure vessel. 

Nowadays, toroidal shells are used as LPG 

storage tanks for passengers cars, particularly 

in some european countries [7]. Analysis of 

stress and strain of LPG toroidal tanks using 

finite element methods has been reported by 

Velickovic [8]. Strength analisis of circular 

toroidal tank for LPG 3kg proposed using in 

Indonesian household has been reported by 

Lubis [9].  His analysis shows that the 

strength of a toroidal tank could be three 

times the strength of an equivalen cylindrical 

tank [10]. The influence of ovality and  

ellipticity on the strength and volume 

expansion of toroidal tank has been analysed 

by Akmal et al [11] and Lubis et al [12]. Both 

papers shows that circular cross section 

toroidal tank have higher limit pressure than 

elliptic of oval cross section toroidal tanks.  

However, for certain reason, such as stability 

and available space in a car, oval or elliptic 

cross section toroidal tank must be chosen and 

their behavior under internal pressure load 

must be accounted. This paper aims to report 

the results of a finite element study of the 

nonlinear behavior of in-plane and out-of-

plane oval cross section toroidal shells under 

internal pressure loading.   

      

Literaure Review 

Membrane Theory. A complete toroidal 

shell (tank) can be considered as a curved 

cylinder without end. Compared to an 

equivalen cylinder, a toroidal shell need less 

material because no need to close its ends. For 

special case where a toroidal shell can be 

obtained by rotating a circle of radius a about 

a vertical axis with distance b from the centre 

of the circle (Figure 1), point A is a point on 

parallel circle of radius:   

 

sin0 abr     (1) 

 

 
Fig.1 Section view of a circular toroidal shell 

[13] 

 

If internal pressure, p, is the only load work 

on the shell, then from equilibrium of forces 

in the hoop direction (arc AB in Figure 1) the 

following equation is obtained:  

 

 22

00 sin2 brpNr     (2) 

 

or 
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For any shell of revolution the following 

equation apply [13]: 

 

Z
r

N

r
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
   (4) 

By substituting eq. (3) into (4), the following 

equation is obtained: 

 

 
22 0
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r
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For shell of constant thickness, t, normal 

stress on shell element are: 
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Since sin0 abr  , where   is an angle 

measured from crown toward extrados, then 

eq. (6a) can be written as: 

 




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.

2 ab
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t
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or, 
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where, ρ = b/a, is radius ratio. 

 

If   is measured from extrados (position 12) 

toward crown (position 9) and then toward 

intrados (position 6) on a clock, eq.(8) can be 

further written as:  
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Equation (6b) shows that longitudinal stress 

on a toroidal shell due to internal pressure is 

not depend on radius ratio , and 

circumferential position . This equation 

equals to longitudinal stress on a closed ends 

cylindrical shell. On the other hand, hoop 

stress due to internal pressure depends on  

radius ratio  dan posisi circumferential  as 

shown in eq. (10). Longitudinal and hoop 

stress differentiated by term in the bracket in 

eq. (10) as a function of radius ratio  dan 

posisi circumferensial . 

 

Ovality of Cross Section. The behavior of 

cylindrical shell having oval cross section has 

been reported by Haigh in 1936 [2]. Mean 

radius r1 of the cross section of cylindrical 

shell having oval cross section is expressed as 

nominal radius plus a cosinus of an angle as 

shown  below (Fig.2): 

 

2cos
2

11 X
D

r     (10) 

 

 
Fig.2 Notation for Haigh’s analysis [14] 

  

When internal pressure act on, the ovality of 

cross section would reduce (tend to be 

circular) with a new value of radius, assumed 

by Haigh as:    

 

2cos
2

22 X
D

r     (11) 

 

From equilibrium equation of forces on an 

element of the cylindrical wall,  Haigh 

expresses the change in ovality after internal 

pressure loading works in term initial ovality 

X1. Furthermore, Haigh derived equation for 

bending stress on cylindrical wall as follows.  
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In 1979, Austin and Swannel [14] used the 

theory of Castigliano for strain energy due to 

bending. They compared the bending stress 

that occurs in shell wall obtained using the 

Haigh’s equation, theorema of Castigliano, 

and finite element methods for the following 

case: (1) straight pipe of elliptic cross section, 

(2) straight pipe of variour wall thickness, and 

(3) circular cross section toroidal shell  They 

have not analyze the bending stress for 

toroidal shell of oval cross section, the subject 

focus of this paper.  

 

 

Finite Element Analysis  

The results presented in this paper were 

obtained using finite element method with 

ANSYS 13. The toroidal model considered is 

typical to be used as gas fuel tank for 

passenger cars, based on tank’s volume of 45 

liters water. Volume of a circular toroidal 

tank (Fig.1) is calculated from the equation: 

 

baV  2.2     (13)  

 

Since ρ = b/a, equation (13) can be written as:  

 

 322 rV      (14) 

 

For toroidal shells of constant volume, the 

cross-section radius r for every radius ratio ρ 

can be calculated from:  

 

3
1

22 











V
r     (15) 

 

For volume of 45 liter, and radius ratio of ρ = 

2.5, 3, dan 4, the chosen values in this paper, 

the corresponding cross section radius are  

96.97 mm, 91.24 mm, dan 82.91 mm. 

 For each value of radius ratio ρ, the 

solution had been done for three ANSYS 

session. i.e., for ovality Ω = 0 (circular), 0.2 

(in-plane ovality), dan -0.2 (out-of-plane 

ovality). Maksimum ovality of 0.2 was 

chosen in this paper, because according to the 

previous research by Akmal et al [11], ovality 

beyond this value causes the limit pressure 

drop below the pressure to yield. Ovality was 

defined as [15]: 

 

r

X12
     (16) 

 

where, X1 is initial distorsion and r is nominal 

radius (Fig.2). 

 

Material of the tank is the same as the 

material of the LPG 3kg storage tank used in 

Indonesian household, i.e., steel plats 

produced by  PT Krakatau Steel with detail 

specification: JIS G3116 SG-295, thickness of 

2.3mm. The material properties needed in this 

analysis are Young’s modulus E, yield 

strength, σY, and Poisson’s ratio ν. The 

properties are 207 GPa, 295 MPa, dan 0.3 

respectively [16]. In the finite elemen 

modeling, it was assumed that the toroidal 

tanks are fabricated by welding four sections 

of 90
0
 piping elbows circumferentially. The 

joint is assumed to be perfect (joint efficiency 

is unity). Another assumption is that the 

shell’s walls thickness is uniform.  

The element type used is the ANSYS 

SHELL281. This element works well for 

structural analysis of thin and thick shell. The 

element has 8 nodes with six degree of 

freedom for each node: translation in the x, y, 

and z direction, and rotation about the x, y, 

dan z axis. SHELL281 can be used for linear 

analysis, large rotation, and non-linier 

analysis with large strain. Typical finite 

elemen model is shown in Fig.3. 
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Fig.3 typical finite elemen model 

 

The advantage of symmetry was taken 

into account, so that only half of the geometry 

was modeled. Additional boundary condition 

is zero displacement in the longitudinal 

direction for all nodes in a plane cross section. 

Iinternal pressure loading to be applied to 

get the limit pressure can be estimated by 

calculating the pressure to yield, py.  Pressure 

to yield py can be calculated from eq. (9) for 

intrados as follows:    
 

12

12










r

t
p

y

y    (17) 

 

For radius rasio ρ = 2.5, 3, dan 4, and meterial 

properties of JIS G3116 SG-295 (σY = 295 

MPa), corresponding pressure to yield is 

5.248 MPa, 5.984 MPa, dan 7.014 MPa 

respectively. These pressure are pressure 

needed to cause plasticity initiates. Limit 

pressure would be beyond these values, but 

for the purpose of this analysis, internal 

pressure load of 1.5py was applied. To get 

limit pressure pL, the load was applied as 

ramped. The well-known Newton-Raphson 

algorithm for nonlinear analysis was 

implemented. 

 

Results and Discussion 

Nonlinear behavior of complete toroidal shell 

(toroidal pressure vessel) was obtained for 

radial displacement of nodes in the following 

circumferential (angle) position from extrados 

toward intraos: 0
0
, 45

0
, 90

0
, 135

0
, and 180

0
. 

The position of 0
0
 is called extrados, 90

0
 is 

crown, and 180
0
 is intrados.  

Figure 4 shows the radial displacement of 

nodes of circular toroidal shell for radius ratio 

of 2.5. It can be seen that the load-

displacement relation is linear in elastic and 

plastic region (bilinear), indicated the 

membrane dominated behavior. This figure 

also shows that radial displacement of 

extrados and intrados nodes are negative, but 

crown nodes are positif. It can be seen also 

from this figure that volume expansion occurs 

due to membrane dominated behavior.  

 

 
Figure 4 load displacement relation for ρ = 

2.5 and Ω = 0.0 

 

Figure 5 shows the load-displacement relation 

of nodes for radius ratio of 2.5 and in-plane 

oval cross-section, Ω = 0.2. This figure shows 

significant nonlinearity. It can also be seen 

that nodes at the crown position undergo 

highest radial displacement. Significant 

volume expansion is shown by positive radial 

displacement in this figure. 
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Figure 5 load displacement relation for ρ = 

2.5 and Ω = 0.2 

 

Figure 6 shows load-displacement relation for 

radius ratio of 2.5 and out-of-plane ovality Ω 

= -0.2. Again, this figure shows significant 

nonlinearity. As in the previous figures, nodes 

at crown undergo farthest radial displacement. 

Comparing the radial displacement from 

figures 4, 6, and 6, show that in-plane oval 

cross-section have the highest value of radial 

displacement followed by out-of-plane oval, 

and circular. On the other hand, circular 

cross-section toroidal shell is the strongest 

against internal pressure, followed by out-of-

plane oval and in-plane oval. 

 
Fig.6 load displacement relation for ρ = 2.5 

and Ω = -0.2 

 

Figure 7 shows the load-displacement relation 

for circular cross-section toroidal shell having 

radius ratio of 3.0. Again, this figure shows 

the linear behavior. This figure also shows 

that nodes at crown have the highest radial 

displacement.  

Fig.7 load displacement relation for ρ = 3 and 

Ω = 0.0. 

 

Figure 8 shows the same graph for radius 

ratio of 3 and in-plane oval cross-section. It 

can be seen that significant nonlinearity 

occurs in radial displacement with maximum 

displacement occurs for crown nodes.  

 
Fig.8 load displacement relation for ρ = 3.0 

and Ω = 0.2. 

 

Figure 9 shows the same graph for out-of-

plane oval cross section having radius ratio of 
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3. This figure also shows significant 

nonlinearity, but the maximum radial 

displacement occurs for nodes between crown 

and intrados. Nodes at crown also show 

significant radial displacement, but having 

negative values.  Comparing the last three 

figures confirm that under internal pressure 

loading, circular cross-section toroidal shell is 

the strongest, followed by out-of-plane oval, 

and in-pale oval.  

Fig.9 load displacement relation for ρ = 3.0 

and Ω = -0.2. 

 

Figure 10 shows the load-displacement 

relation for circular toroidal shell having 

radius ratio of 4. Again, linear behavior can 

be seen from this figure, where nodes at 

crown has the maximum radial displacement. 

Fig.10 load displacement relation for ρ = 4.0 

and Ω = 0.0. 

Figure 11 dan 12 shows load-displacement for 

in-plane and out-of-plane oval cross-section 

respectively having radius ratio of 4. Both 

figures show nonlinear behavior. It is 

interesting to note that nodes at crown 

position have the highest positive value of 

radial displacement for in-plane oval, while 

the highest value of this occurs for nodes at 

extrados and intrados position for out-of-

plane bending. The last figure also shows 

negative radial displacement for crown node. 

Comparing the last three figures, again shows 

that circular cross-section toroidal shell has 

the highest limit pressure, followed by out-of-

plane oval and in-plane oval.  

 
Fig.11 load displacement relation for ρ = 4.0 

and Ω = 0.2. 

 

 
Fig.12 load displacement relation for ρ = 4.0 

and Ω = -0.2. 
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It is interesting to note the complete toroidal 

shell having out-of-plane oval cross section is 

stronger than those having in-plane oval cross 

section. Recall the behavior of incomplete 

toroidal shells as pipe bend and elbows, out-

of-plane oval results from in-plane closing 

bending, while in-plane oval results from in-

plane opening bending. Previous study by 

Lubis [6] shows pipe bend under closing 

bending stiffer than under opening bending. 

This is the reverse of the results shown in the 

present paper.   

Conclusion 

The study of the nonlinear behavior of 

toroidal shells loaded by internal pressure 

presented in this paper leads to the following 

significant conclusion: 

(1) Circular cross-section toroidal shell 

behave linear both in elastic and 

plastic region, indicates membrane 

dominant behavior; 

(2) Oval cross-section show nonlinear 

behavior, bending of the shell’s wall 

contributed to this behavior; 

(3) Circular cross-section toroidal shells 

are the strongest, followed by out-of-

plane and in-plane oval cross section. 
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