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Abstract

Given a graph G = (¥, E) with vertex set ¥ and edge set E, we define a
labeling as a function, where weight of edge xy is written as w{x, y).
Total labeling is the sum of xy-label and labels of the vertices that incident
to x. thus w(x, ¥) = A(x)+ AMy)r(xy). X labeling is called as edge
irregular total k-labeling of the graph G if for every two different edges ¢
and fof G, w{e) # w(f). The smallest k in which graph G can be labeled

as edge irregular total k-labeling 1s called as edge total irregularity strength
and is noted as tes(G). In this research, we are intcrested in finding

tes(G) of the union of complete bipartite graphs K, , and K .
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1. Introduction

Graph is one of the mathematical branches that can be used to represent many
problems in daily life. After proposed by Euler in 1736, graph is one of the
important tools that used with other fields of knowledge such as in chemistry,
biology, and mostly in mathematics, especially operations research. Some examples
of graphs applications include: to design telecommunication networks, to design
energy networks, to represent the molecules structures, to represent the DNA
structures, and so on.

One of the topics in graphs is labeling. The labeling of graph was investigated
first by Sadlacek in 1963, Some of the labeling techniques that had been investigated
such as: Graceful labeling (Ringel and Llado [5]), Harmony labeling (Graham and
Sloane [3]), Magic labeling (Kotzig and Rosa [4], Stewart [7]), and anti magic
labeling (Baca et al. [2]).

In 2001, Baca et al. [2] (Asmiati [1]), introduced a new type of labeling, named
as edge irregular total labeling which consists of edge labeling and vertex labeling.

For a graph G = (V/, E) with vertex set ¥ and edge set £, we define a labeling
as a function, The weight of edge xy is written as W(x, y). Total labeling is the sum
of xy label and labeled of the vertices that incident to xy. Thus w(x, y) = A(x) +
AY)A(xp).

2 labeling is called as edge irregular total k-labeling of the graph G if for every
two different edges ¢ and f of G, w(e) # w(f). The smallest k in which Graph G
can be labeled as edge irregular total k-labeling is called as edge toral irregularity
strength and is noted as tes(G).

One interesting fact about the labeling is that every graph G can be labeled by
edge irregular total k-labeling. But, to find the tes(G) is not that easy as finding the
labeling. Therefore in this research we try to find the tes(G) of some special graphs
which are: the union of complete bipartite graphs K , and X ,.

2. Some Previous Results in Literature

Theorem (Baca et al. [2], Asmiati [1)). If G =(V, E) is a graph, then

[I_ELQ:I_*‘E_H < tes(G) < | E(G)).
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Proof. Since w(e) = Ma) + A(b) + Me), where a = x, b=y, e = xy, and we)

>3, we)> | EG)|+2
Notice that tes(G) 2 maks {A(a), 2(5), A(e)) > % > E(%*u Therefore

[LE@+21] ¢ )

To find the upper bound, choose A(x) =1, ¥x « F(G) and give every edge
label start from 1 until | £(G)|. This labeling procedure makes every edge has a
difTerent weight and therefore tes(G) < | E(G)|. Theorem 1 of Baca et al. gives the
upper bound and lower bound of tes(G) for every graph, and also give procedure
on labeling construction.

Theorem (Baca et al. [2], Asmiati [1]). If G is a complete bipartite graph K_,,

then tes(K, ,) = [5;—11

Proof. Complete bipartite graph K; , has one centre vertex which is vertex
with degree g, where | V(k; ;)| = ¢ + 1 and | E(k ,)| = q.

Suppose that V(k, g) = {x], y!. ¥7, ... ¥} and E(k, q) = {x}y}, x,'y,z. i
x y{}. Give label vertices and edges with the following procedure:

=1 w00 =| 521 aebh =[5 =23

Then get w(x| y{ )= 2+ j and it can be easily seen that the weight of the edges

stants from 3 to ¢ + 2. Therefore tes(K) ,) = [q; l].

Theorem (Asmiati [1]). If G is a complete bipartite graph K 2.4+ then

2 o)m [ 2022
wike,) = (22
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3. Tes(G) for Complete Bipartite Graph, and Union
of Complete Bipartite Graphs

Result 1. If G is the union of complete bipartite graph m(K, ,), m € Z~, then
tes(() = | 29—;—2-] Ym=2,melZ .

Proof. The union of complete bipartite graph m(K) ,) is a disconnected graph

which consists of m components, where every component is a complete bipartite
graph K .. The m(K; ;) graph has the sets of points:

V=X UX;UUXy UKUBU U,

Xi=xl, Y=yl

and the set of edges E = Ey U £; U--UE,,
Ep={xyl, xlyk, . xhyf) i=1,2,3...,m

Give label vertices and edges of the union of complete bipartite graph m(K, )
using the following procedure:

» ¥ "
Arf ,r: ."i
i I L -
71 .
A v
¥ s

Figure 1. Labeling construction for m(K, , ).

Mx}) =

—'1'3+—2‘|.m>l;i=l. 2,3 ...m,

A(y) = [ﬂz—“’lL H] -[-ﬂ j=L2 3 Em>Li=l 2,3, . m
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["’"'2] i-’—z—]-[‘“‘], Pl 2 gim>hi=1,23 ., m
|

m or ¢ are multiplication of 3,

Mxiy/) =1

Lﬂ_l Ij [ll fJeLh2 . am>hi=L23,.

mor g are not multiplication of 3.

Thus, we get w(x, y/)=g(m~1)+ 2+ j, and it can be easily seen that the weight
of the edges starts from 3 to mg + 2. That is clear that A is the irregular total

labeling of m(K; ;) with tes(Ky ) is [ :

Below we give an example of labeling for the union of complete bipartite graph
2Ky,7)

Figure 2. Example for labeling construction for 2(K; 7).

Result 2. If G is the union of complete bipartite graph m(K, ). m € Z*, then
tes(G) -[3%;21 vm22,meZ'
|

Proof. The union of complete bipartite graph m(K ;) is a disconnected graph

which consists of m components, where every component is a complete bipartite
graph K, .. The m(K; ,) graph has the sets of points:

V=XUX,U-UX,URU U-UYy,

X;={x. 2% Yi=0lyl )
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and the set of edges £ = E\ U E; U--UE,,
E; = {xiyl, 51yl o X8 0yl 3R o xDf) i=L2,3, 00 m.

Give label every edge of K; , as done by Asmiati [1]. Next, the vertices and
the edges of the union of complete bipartite graph m(K; ;) can be labeled by the

following procedure:
5
"o » *
" i
¥
» i
- re
» ye ¥
£ ” ¥ I
x TH

Figure 3. Labeling construction for m(K 4 ).

1(1'!)=[2_"'SL2]-|J" >Li=23..,m,

M) =| 22422,

21
[b”q:s+-i+j-q; 1Sjsgm>Li=23..m

m or g are multiplication of 3,
Myf) =

lzﬂs-ﬁJﬁ-j—q, 1€j<gm>i=23.,m,

m or g are not multiplication of 3,
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l(x;)’ij)'lz-m%ﬁJ-qH: m>L5i=23..m

l(x.-’y/)-l—z—"’%—*—z-} m>Li=,23.,m

Thus we get w(x}y/) = 2g(m=1)+2+ j and u(xfy{)=q(2m—l)+2+j.

It can be casily seen that the weight of the edges starts from 3 to 2mg + 2, thus
that is clear that % is the iregular total labeling of m(K; ,) with mm(l(z_q) is

23]

Conclusion

The imegular total edge labeling for union bipartite graphs m(K, ) is
[ﬂiﬁ | and for m(K3, ) is [2—"’7*—21 ¥m 2 2, where m e 2.

(1

121

131

14]

(3]
(6]

{7

3
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