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Abstract

Let Rbe aring, (S, <) be a strictly ordered monoid and ®: S —
End(R) be a monoid homomorphism. In this paper, we study the

properties of monoid homomorphism o and its impact on the structure
of skew generalized power series ring R[S, o]]. We show that: if

o® ~ 0@ then R[S oP] = R[S 0?@], and R @ R[[S,
oV ® o] = R[S, 0] ® R[S, ]!

1. Introduction

In 2007, Mazurek and Ziembowski [1] constructed a new ring which is
the generalization of generalized power series rings (GPSR) R[[S]] that was
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constructed by Ribenboim [2] by using a monoid homomorphism o : S —
End(R) to change the convolution product on GPSR R[[S]]. Furthermore,
this new ring is known as skew generalized power series ring (SGPSR)
denoted by R[[S, o]] or R[[S, ®, <]]. Now we will give the definition and

some examples of SGPSR R[S, o]].
Regarding ordered sets, ordered monoids, artinian and narrow set, we

will follow the terminology used in [2-6]. Now, we recall the construction of
SGPSR [1]. Let (S, <) be a strictly ordered monoid, R be a commutative

ring with an identity element and ®: S — End(R) be a monoid
homomorphism. For any s e S let wg denote the image of s under o, i.e.,

o(s) = ws.
Define RS ={f|f:S—> R} and R[S o] ={f € R®|supp(f) is
artinian and narrow}, where supp(f) = {se S| f(s) = 0}.

Under pointwise addition and skew convolution, multiplication defined
by

(fa) )= Y f()ox(g(y), @

(% Y)exs(f,9)

foral f, ge R[S, »]], where

1s(f. 9) ={(x, y) € supp(f) x supp(g)| xy = s}
isfinite, R[[S, w]] isaring which is known as skew generalized power series
ring (SGPSR).
Some special cases of SGPSR R[[S, w]] are given by the following
example.
Example 1.1. Let Rbearing, idg bean identity map in End(R), Ng be

a set of positive integers, Z be a set of integers and (S, <) be a strictly
ordered monoid.
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(1) If S= Ng with usual addition, trivial order < and wg = idg, for all
se S, then SGPSR R][S, w]] ispolynomial ring R[X].
(2) If S=7Z with usual addition, trivial order < and og = idg, for all
se S, then SGPSR R[S, ]] is Laurent polynomial ring R[X, X 1.
(3) If S = Ng with usual addition, trivial order < and oy = o, for some

endomorphismring ¢ € End(R), then SGPSR R[[S, o]] is skew polynomial
ring R[X; o].

(4) If S = Ng with usual addition, usual order < and og = idg, for al
s e S, then SGPSR R|[[S, w]] ispower seriesring R[[X]].

(5) If S=Z with usual addition, usual order < and wg = idg, for al
se S, then SGPSR R[S, ]] isLaurent seriesring R[[X, X 1]).

(6) If S = Ng with usual addition, usual order < and wg = o, for some
endomorphism ring ¢ € End(R), then SGPSR R[[S, w]] is skew power
seriesring R[[X; o]].

(7) If wg=idg, for dl se S, then SGPSR R[S, »]] is generalized
power seriesring [[R(S)]] = R][S]].

2. Main Results

In this section, we give the definition and some properties of monoid
homomorphism o and its impact on the structure of SGPSR R[[S, w]]. First,

we give the definition of equivalency of two monoid homomorphism.
Definition 2.1. Let Ry and R, be rings, (S, <) be a strictly ordered
monoid, and o : S End(R;) and 0? s End(R,) be monoid
homomorphisms. Then o® and ©? are said to be equivalent if there exists
an isomorphism ¢ : R > Ry, such that m(sz) = (poo(sl)(p‘l foral se S In

this case, we write oa(l) ~ (D(z).
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Example 2.2. Let S=Ng, R =QxQ=0Q% and R, = Zx Z = Z°.
With operation
(%, y)+(m n)=(x+m, y+n)and (X, y)(m, n) = (xm, yn),

R, and R, become rings and S becomes a strictly ordered commutative
monoid with pointwise addition and usua order. Forany se S, (p, q) e Ry

and (X, ¥) € Ry, we define monoid homomorphism
o s> End(Ry),

where of(p, @) = (0, g), and
0? s> End(R,),
where m(sz)(x, y) = (x, 0).
Next, we define amap
0:R >R
with ¢(p, q) = (g, p) foral (p, q) € R;.
Sincefor any (p, q), (m, n) e Ry, imply
¢((p. @) + (M n)) = o((p+m, q+n)
=(g+n, p+m)
= (g, p)+(n, m)
= o((p, @) + (M, n))
and
o((p, @) (M, )) = o((pm, qn))
= (gn, pm)
= (a, p)(n, m)
= o((p, @)e((m, n)),

¢ isaring homomorphism.
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Furthermore, if o((p, g)) = ¢((m, n)), then (g, p) = (n, m), which is
g=n and p=m In other words, we have (p, q) = (m, n). Hence, ¢ isan
injective homomorphism. For any (X, y) € Ry, thereexists (p, q) € Ry with
p=y and g=x suchthat o((p,q))=(q, p)=(x, y). Then, ¢ isasurjective

homomorphism. In other words, ¢ : Ry & R, isaring isomorphism.

Moreover, since
o@o((p, ) = o (o((p. 9)))
= o?((a. p)
=(q,0)
= 9((0, )

= 9@ ((p, 9)))

= 9oP((p, ),
oD ~ @

Based on Definition 2.1, the impact of equivalency of two monoid
homomorphisms on the structure of SGPSR R[[S, w]] is given by the

following proposition.

Proposition 2.3. Let R; and R, berings, (S, <) be a strictly ordered
monoid, and o™ : S — End(R;) and o?: s> End(R,) be monoid
homomorphisms. If 0 ~ @, then R[S, ®P]] = Ry[[S, ©?]].

Proof. Suppose o ~ @ Then by Definition 2.1, there exists an
isomorphism ¢ : R; - Ry, such that m(sz) = (po)(sl)cp_l for al se S Next,
we define amap

v i RIS, o] - R[S, o?1]],

where y(f) = f =go f foral f e R[S, oP]].
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Foral se Sand f, g e R[S, 0P, wehave
oo (f +9)(s) = o(f +9)(s)
= o(f(s) + g(s))
= o(f(s)) + o(g(s))
=(po F)(s)+(9°9)(9)
and

(9 (fg)(s) = o((fg)(s))

= q{ > f(x)co&”(g(y))J

S=Xy

= > o(f(x)eP(a(y)

S=xy

= D ot () (9(y)
S=xy

o £)(%) (9 o) (a(y))

f
<t
2

o £)(x) (02 © 9)(a(y))

7
L1
S

o £)(x)0P(e(a(y)))

T
S0
S

o £)(x) 0P (90 9)(y)

S

S=

al (CERPICERDIO]

L1
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Since supp(f) < supp(f), T € Ry[[S, ®?]]. Then, we have
y(f+g)="f+g

=¢°(f+9)

(9o f)+(0°Q)

f+g
= v(f)+w(g)
and
w(fg) = fg
= ¢ (fg)

(po f)(eog)

fg

= vy(f)w(9),
for al f,ge RS oa(l)]]. In other words, the map v : Ry[[S, oa(l)]] -
Ro[[S, m(z)]] is aring homomorphism.

Now, we will show that y is injective. Let f e Ker(y). Then
y(f)=0. Then, for al se S, wehave (po f)(s)=0(s). In other words,
o(f(s)) = 0. Since ¢ isaring isomorphism, f(s) =0, foral se S. Then
Ker(y) = 0, so y isinjective.

Furthermore, we will show that v is surjective. For al g e Ry[[S, co(z)]],
there exists h=¢ Yo ge R[S, o] such that w(h)=h =poh=¢op g

= g. Then y issurjective. So Ry[[S, co(l)]] = R[[S, o] O
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Now we will give the definition of direct sum of two monoid
homomorphisms.

Definition 2.4. Let Ry and R, be rings, (S, <) be a strictly ordered
monoid, and o® : S — End(R;) and o? s> End(R,) be monoid
homomorphisms. Then the direct sum of o® and ©@ is defined by

o @ w? s End(R ®Ry),
where
(0 @ 0?)y(n, 1) = (@), 0P (r2),
foral se Sand (, ) e R @ Ry.

Example 2.5. Let monoid S, rings Ry and Ry, o and ©@ be given
asin Example 2.2. Then, we can define the direct sum of o and @ by
oY @ 0?: s End(R ®Ry),

where
Y @ o) ((p, ), (% ¥)) = (@D ((p, @), ©P((X, )))

=((0, 9), (x, 0)),

forall se Sand ((p, ), (X, ¥) e R ® Ry.

The following lemma shows that the direct sum o ® @ that defined
in Definition 2.4 is a monoid homomorphism.

Lemma 2.6. Let Ry and R, be rings, (S, <) be a dtrictly ordered

monoid, and o® : S > End(R;) and o?:s End(R,) be monoid

homomor phisms. Then the direct sum
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o @ 0@ : S End(R, @ Ry)
isa monoid homomor phism.

Proof. Forany s,t € Sand (1, 1) € R @ Ry, we have
(0 ® 0o D)g(r, 1) = (0§ (1), 0F(r))
= (0P (), (@Po{?) (1)
= (P (1), o@({?(r))
= (0% @ o) (oP(r), o (1))

= (0" ® 00V @ ') (ary).
Hence, we obtain
(0)(1) ® Cl)(2))(50 - (0)(1) ® 0)(2))(5)(0)(1) ® (D(Z))(t)_
So the direct sum ©® @ ©@ is monoid homomorphism. O

Now, based on Definition 2.4 and Lemma 2.6 we get the following
proposition.

Proposition 2.7. Let R; and R, berings, (S, <) be a strictly ordered
monoid, and o® : S - End(R;) and o? s> End(R,) be monoid
homomor phisms. Then

(RL® Ry)[[S, oV @ 0'P] = R[S, 0] @ Ry[[S, ?]]

Proof. Let 1R > R®R ad ih: R > R®R, be naturd
injections, and let pj : R ® R, > R and po 1 R @ R, > R, be natura

projections. Then we have

o = pi(o® © ),
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and
o = oo © o),

as seen in the following diagram:

i2

R, l—l> Ri D Rs — Rs

i“-gl) ! (WD @w®), i‘“gz)

R, & Ry @R, LEN R,
Then we obtain

o p = po? @ 0'?)ip

= pl((ﬂ(l) ® m(z))side

o0 & 0?),

and

o@Pp, = po0? @ (0(2))si2p2

pa(0® @ m(z))sidRz

pa(o @ 0@),.
Now, forany f e (R ® Ry)[[S, o @ w(z)]], we define amap
v (R ® RIS o' @ o?] > RIS 0T @ RS, 0?]]
by w(f)=(fy, ), where fy = pjo f and fy = pyo f.
For i=1,2, wewill show pjo(f+g)=(pjof)+(p°g) and p; o(fg)

=(pjof)(pog). Forany se S, f,ge (R ® R)I[[S, o @ w(z)]] and

i =1, 2, wehave
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(pi o (f +9)(s) = p((f +9)(s)
= pi(f(s)+9(s)
= pi(f(s) + pi(9(s)
= (pi ° F)(s)+(pi > 9)(s)
and

(pi ° (fg)(s) = pi((fg)(s))

= bl X )Y e o) (a(y)

S=Xy

= S R 0p P ® @) (g(y)
S=Xy

= 3 it 0e®p(a(y)

S=Xy

= 2 (p e XL 2 9)(¥)

S=xy
= ((pi ° F)(pi 2 9)(9).
Sinceforany f, g e (R @ Ry)[[S, o ® 0?]], we have
y(f+9)=((f +9), (f +9),)
=(pro(f+9) p2o(f+09))
=((pre f)+(preg) (P2of)+(p20°0))
=(fy+ 01, f2+92)
= (1, f2) + (91, 92)

= y(f)+w(g)

1225
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and
v(fg) = ((fg)1. (fg))
= (py > (fg). P2 > (fg))
=((pre F)(P1o9). (P2 F)(p2°9))
= (f191, f292)
= (f1, f2)(9 92)
= v(f)w(g),
v isaring homomorphism.

Now, we will show y isinjective. Let f e Ker(y). Then we will show
f =0. Since f € Ker(y), y(f)=1(0,0). So, forany se S and i =1, 2,
we have (p; o f)(s)=0(s). In other words, p;j(f(s))=0. Since p; isa
natural projection, f(s)=0 forall se S. So Ker(y) = 0 or y isinjective.
Furthermore, we will show v is surjective. For al (f, f,) € R[S, o]

® Ry[[S, 0], there exists
2 .
f - Zk:llk ° fk € R]_ @ RZ[[S, (0(1) @ (0(2)]]

such that w(f)=(f;, fp). So, v issurjective. Then, y isaring isomorphism.
So R @ Ry[[S, 0P ® 0@ = R[S, 0] @ Ry[[S, ©?]]. 0

References

[1] R. Mazurek and M. Ziembowski, Uniserial rings of skew generalized power
series, J. Algebra 318 (2007), 737-764.

[2] P. Ribenboim, Generalized power series rings, Lattice, Semigroups and Universal
Algebra, Plenum Press, New Y ork, 1990, pp. 271-277.

[3] G. A. Elliott and P. Ribenboim, Fields of generalized power series, Arch. Math.
54 (1990), 365-371.



The Impact of the Monoid Homomorphism on the Structure ... 1227

[4] P. Ribenboim, Noetherian rings of generalized power series, J. Pure Appl. Algebra
79 (1992), 293-312.

[5] P. Ribenboim, Rings of generalized power series II: Units and zero-Divisors,
J. Algebra 168 (1994), 71-89.

[6] P. Ribenboim, Semisimple rings and von Neumann regular rings of generalized
power series, J. Algebra 198 (1997), 327-338.

Ahmad Faisol: ahmadfai sol @mail.ugm.ac.id; ahmadfai sol @fmipa.unila.ac.id
Budi Surodjo: surodjo_b@ugm.ac.id
Sri Wahyuni: s wahyuni @ugm.ac.id



