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Abstract 

We are concerned with fluid having very small thickness flowing on 

an inclined bottom. The thickness of the fluid varies by changing time, 

so that it forms wave propagation, and we observe the wave profile. 

Since the fluid is thin, it can be modelled based on the theory of 

lubrication. We formulate the model into a single equation of the fluid 

thickness with the boundary conditions. The viscosity and the surface 

tension are two physical parameters considered in the wave evolution. 

The difficulty in solving the equation is strongly non-linearity of the 

model. Therefore, to deal with the non-linearity, we used a numerical 

approach, i.e., forward time central space (FTCS). The stability is 

analyzed before we apply it to the equation, so that we can simulate 

the wave. We obtain that the wave changes the form into almost 

shock. 

1. Introduction 

Surface wave is an interesting topic to be studied. Mathematical model 

has been derived by many researchers. KdV equation, Boussinesq equations 

or shallow water equations are typical models that can be found in literature. 

The governing equations are simplified into one of those models by special 

assumption. But for fluid with small thickness, much smaller than the wave 

length, the governing equations based on Navier-Stoke can be reduced into 

lubrication theory, see for example in Acheson [1]. 

Model of lubrication theory together with the boundaries is usually then 

formulated into a single equation, such as in King et al. [2] and Wiryanto 

and Febrianti [3]. In [2], the authors formulated the steady thin film into an 

integral equation involving a fast upward airflow. The interface pressure 

between both the fluids can be expressed in thin airfoil theory, such as in 

Van Dyke [4], so that the model becomes an integral equation. 

Unsteady thin film on an inclined channel is studied by Wiryanto and 

Febrianti [3]. A partial differential equation of the fluid thickness is the 

model. When it is solved, the solution as surface wave propagating and 

changing the form could be observed. Decrease in the amplitude of the wave 
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occurred indicating that the front wave tends to shock. Wiryanto [5] and 

Wiryanto [6] then developed a finite difference method for that model to see 

the stability condition. 

In this paper, we derive the model from the lubrication theory involving 

viscosity and surface tension. The model is then solved numerically, after 

analyzing the stability, so that we can simulate the wave deformation and 

propagation. The wave with almost jump can be obtained, similar to the 

simulation for shallow water model in Fauzi and Wiryanto [7] and Fauzi and 

Wiryanto [8], called to be the roll wave. This formation was also studied      

by Needham and Merkin [9], Merkin and Needham [10], and previously 

predicted by Dressler [11]. 

2. Wave Formulation 

A thin fluid flowing down on an inclined channel is considered. The 

sketch of the flow is illustrated in Figure 1. The coordinates are chosen 

Cartesian with horizontal x-axis along the bottom of the channel and the 

vertical y-axis perpendicular to the other. Wave propagates on the surface 

expressed as the fluid thickness ( )txhy ,=  measured from the bottom. The 

flow in the thin fluid layer is taken to be governed by the lubrication 

equations, which are written as 

 .
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All fluid quantities are written in the conventional notation. These 

equations are to be solved subject to the conditions 

  (i) ,0on0 === yvu  

 (ii) ( ),,on0 txhyuy ==  

(iii) ( ),,on txhypp f ==  

(iv) ( ).,on0 txhyvuhh xt ==−+  
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The fluid is non-slip at the bottom, expressed in condition (i), and the other 

three conditions are on the surface presenting no shear stress (ii). The 

pressure (iii) at the surface is presented by the atmospheric pressure, defined 

as the reference ,0=atmp  and the surface tension γ  multiplied by the 

curvature approximated by the second derivative of the surface: 

.
2

2

x

h
pp f

∂
∂γ−≈=  

Meanwhile, the kinematic condition is given in (iv). 

 

Figure 1. Sketch of the coordinates and the fluid flow. 

Following Wiryanto and Febrianti [3], equations (1) and boundary 

conditions (i)-(iv) are readily integrated and it gives a single equation put in 

the form 

.0sincos
3

3 =














ρ
γ+θ+θ−µ

ρ+
x

xxxxt h
g

gghhh  (2) 

The effect of the surface tension is presented in the last term, that was not 

involved in [3]. 

Equation (2) is a non-linear equation for the depth of the fluid layer 

measured from the inclined bottom of the channel. Therefore, the model can 

be used to observe the wave deformation and propagation, where the initial 

condition is required. 
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3. Stability Analysis 

In solving (2), numerical approach is used as it is strongly non-linear. 

But we first analyze the stability. The constant solution is satisfied for any 

.0hh =  For small disturbance, we write the solution of the order ε in form 

of ( ) ( ).,, 0 txhtxh εη+=  When we substitute it into (2), the first order of ε 

is 

( ) ,0=η+η−η+η xxxxxt cba  (3) 

where ,3,3cos,sin µγ=µθρ=µθρ= cgbga  they are all constants. 

We first observe the solution in form of monochromatic wave 

( ) ( )
,,

tkxi
Aetx

ω−=η  

where k is the wave number, the frequency ω is written in complex form 

ir iω+ω=ω  for ,1−=i  so that the wave can be expressed 

( ) ( )
.,

tkxi
mp

reAtx
ω−=η  (4) 

Here, the wave amplitude depends on time .
t

mp
iAeA

ω=  Now, we observe 

the characteristic of the wave by substituting (4) into (3), the real and 

imaginary parts are, respectively, 

,042 =++ω ckbki  

.0=+ω− akr  

This gives ,0<ωi  the wave deceases by increase in time. 

A finite difference method is then applied to (3), by firstly integrating 

(3) at small interval [ ]., 1+ii xx  The first term is approximated by 


+
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and the other terms are approximated by centre space of the mid point .

2

1+i
x  

It is then shifted the index by writing ,
2

1+= ik  similar method in 

Wiryanto and Febrianti [3], so that the finite difference equation is 
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 (5) 

Note, we define ( ),, nk
n
k txη≈η  the value of η  at discretization point 

( )., nk tx  

Stability condition can be analyzed by expressing 

,ϕ=η iknn
k eu  

for any .ϕ  This is then substituted into the finite difference equation above. 

The stability condition can be obtained when u satisfies .1<u  After some 

algebraic operations, we obtain the real and imaginary part of u, where u is 

written in complex form as .ir iuuu +=  Each of the parts as follows: 
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To satisfy ,1<u  the real and imaginary parts are written in ellipse 
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The centre of the ellipse is ( ),0,A  where 
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The horizontal and vertical radii are 
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The ellipse has to be inside of the unit circle ,1<u  i.e., if ,10 ≤≤ A  

1≤+ ARh  for any ,ϕ  and vR  is not too large. Otherwise, some part of the 

ellipse is out of the unit circle. We illustrate that ellipse inside the unit circle 

in Figure 2. The ellipse with solid line indicates inside unit circle, with 

possible ,1≤+ ARh  and vR  not too large. But when vR  is larger, we 

obtain the ellipse with dash line. It is not expected. 

 

Figure 2. The stability area shown inside of the solid-line ellipse. 

From ,10 ≤≤ A  we obtain 
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Meanwhile 1<+ ARh  gives 
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This is then used in (6) to express the stability condition, written in form of 

 .
24 2

4

xbc

x
t

∆+
∆≤∆  (7) 

We then simulate that analysis using ,8.9=g  ,1=ρ  1=µ  and 072.0=γ  

for small angle 5=θ  degree. For ,1.0=dx  the finite difference equation 

(5) would be stable when it is calculated using .0006.0<dt  In Figure 3, we 

show plot of our calculation using 0001.0=dt  with initial value =η0
k  

( ).502sin kxπ  

 

Figure 3. Plot of stable numerical calculation of ( )tx,η  using (5). 

For some values of n, we plot n
kη  in 3D. Numerically, the curves change 

smoothly. The wave amplitude decreases by increasing the time. This agrees 

with our analysis described above. 
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Figure 4. Plot of unstable numerical calculation of ( )tx,η  using (5). 

Another plot of n
kη  is given in Figure 4, calculated using .0005.0=dt  

We perform the unstable indication, shown inside of the circles, appearing 

wiggles. The numerical calculation is no longer run, as the wiggles increase 

rapidly. 

4. Numerical Solution 

Based on the stability analysis, we develop the numerical procedure for 

(2) by integrating in a small interval [ ]:, 1+ii xx  
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where 
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We then shift the index by writing ,
2

1+= ik  so that we obtain the finite 

difference equation of (2), similar to (5) but involving non-linear terms. 

Now, we present the numerical solution of the model (2). The physical 

quantities as used in the linear model in the previous section are used to 

calculate .n
kh  We show in Figure 5. The initial value is in sinusoidal form 

( ),502sin05.02.00
kk xh π+=  

and we can see the evolution during the wave propagation. Here, we observe 

the wave propagation in the interval of two wavelengths. Therefore, the 

value at 0=x  is repeated at .100=x  In Figure 6, we plot together between 

0
kh  and 5000

kh  as indicated, to show the variation of the wave, the form and 
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the amplitude. The effect of non-linearity is performed. We can compare the 

plot in Figure 3. 

 

Figure 5. Plot of the numerical calculation of ( ),, txh  as the solution of 

equation (2), using initial value ( ).502sin05.02.00
kk xh π+=  

 

Figure 6. Plot of 0
kh  and 5000

kh  as indicated. 

We then observe the effect of the inclination of the plane .θ  For longer 

θ, we obtain that the wave reduces the amplitude faster, and the form tends 

to almost shock, i.e., sharp at the front wave. It indicates that the roll wave 

can be obtained in thin film flow, similar to such as in the references. We 

show in Figure 7 as the result of our calculation using 1.0=γ  and �35=θ  

(0.61 radian), with the same initial value as before. The shape of the wave 
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changes from sinusoidal into sharper at the front wave, compared to the 

previous calculation ( ).5and072.0 �=θ=γ  

 

Figure 7. Plot of the numerical calculation of ( ),, txh  as the solution of 

equation (2), using initial value ( ),502sin05.02.00
kk xh π+=  1.0=γ  and 

.35�=θ  

 

Figure 8. Plot of 1000
kh  for 07.0,5 =γ=θ �  and 07.0,35 =γ=θ �  (dash 

line) almost the same for .0.2,35 =γ=θ �  

For various values of surface tension γ, we obtain that for bigger γ, the 

numerical method gets difficult to calculate, it must be followed by using 

smaller step time .t∆  However, this quantity slightly gives the same profile 
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for other values. We show this in Figure 8, plots of three 1000
kh  from 

07.0,5 =γ=θ �  and 07.0,35 =γ=θ �  (dash line) being almost the same 

as that from .0.2,35 =γ=θ �  Therefore, the surface tension is less 

effective, and it can be neglected, so that the viscosity is the quantity that 

should be included in the model. Result for that model can be seen in 

references. 

 

Figure 9. Plot of ( ),, txh  as the solution of equation (2), using initial value 

( )( ) 0.3;1525.0sech1.02.0 20 =µ−+= kk xh  and .35�=θ  

For another initial wave, the numerical scheme is used to produce wave 

simulation as performed in Figure 9. The initial wave is solitary in form of 

( )( ).1525.0sech1.02.0 20 −+= kk xh  

This wave propagates on thin film of viscosity 0.3=µ  with bottom angle 

.35�=θ  We obtain that the amplitude decreases, followed by changing the 

form with the front wave becoming sharper. 

5. Conclusion 

A single equation model for surface wave on a thin fluid has been solved 

numerically. A finite difference method has been analyzed for stability 

condition, so that the method can be applied to solve the model, which can 
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simulate the wave propagation and the deformation. The physical quantities 

that play an important role are the inclination and viscosity, but surface 

tension is less effective in the model. 
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