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Abstract

The locating-chromatic number denote by x,(G), is the smallest
t such lhalﬁ has a locating t-coloring. In this research, we
determined locating-chromatic number for subdivision of certain
barbell operation of origami graphs.
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1. Introduction

The concept of partition dimension was introduced by
Chartrand et al. [1] as the develont of the concept of
metric dimension. The application of metric dimension can
be found in robotic navigation [2], chemical data
classification |23 and the optimization of threat detecting
sensors [4]. The locating-chromatic number was first
discovered by Chartrand et al. [5] in 2002, with obtained
two graph concepts, colorié vertices and partition
dimension of a graph. The locating-chromatic number
denote by x.(G). is the smallest t such that ¢ has a
locating  t-coloring. N investigated the locating-
chromatic number for a path graph F,, a cycle graph G,,.
and ble star graph S, ;. Furthermore, Chartrand et al.
[6] characterized all graphs order n with locating-
chromatic number n — 1. Baskoro and Asmiati [7]
characterized all trees with locating-chromatic number 3.

locating-chromatic number of the join of graphs
was introduced by Béefloel and Anbarloei [8]. Purwasih et
al. [9], obtained locating-chromatic number for a
subdivision of a graph on one edge. For graph with
dominant vertices have been studied in [10]. In [11],
Asmiati found the locating-chromatic number of non-
homogeneous caterpillar and firecrackers graph, [12]
certain barbell gf@hs By, ,, and Bp(y,1). In 2019, Irawan et
al. [13] obtained locating-chromatic number for certain
operation of generalized Petersen graphs sP(4,2) .
Furthermore, in [14] determined the locating-chromatic
number for sP(n,1), origami graphs [15] and certain
barbell origami graphs [16]. The locating-chromatic
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number of a graph is a newly interesting topic to study
cause there is no general theorem for determining the

ocating-chromatic numbERof any graph. In this research,

we specifying about locating-chromatic number for

subdivision of certain barbell operation of origami graphs,

called Bj . This study is a continuation of previous

n
research.

The following definition of the locating-chromatic
number of a graph, dominant vertices, origami graph, and
certain barbell origami graphs is taken from [5, 1 758, 16].
We use some theorems that is basics to work out a lower
bound of the locating-chromatic number of a graph is
taken from [5, 15]. The set of neighbours of a vertex [ in G,
denoted by N(1).

15
Theorem 1.1. [5] Let ¢ be a locating coloring in a
connected grap If k and [ are distinct vertices of G
such that d(k,w)=d(l,w) for all we V(G) —{k, 1},
then c(k) # c(l). In particular, if k and | are non-
adjacent vertices of Gsuch that N(k) # N(I), then c(k) #+

c(l).

Theorem 1.2. [15] Ler Oy, be an origami graph for n = 3.
The locating chromatic number of an origami graphs O, is
4 for n=3 and 5 otherwise.

2. Results and Discussion .
1
In this section, we will discuss the locating-chromatic
number for subdivision of certain barbell operation of
origami graphs, denoted by B3 .

Theorem 2.1. Let By, be a subdivision of certain barbell
operation of origami graphs forn = 3,5 = 1. Then the

locating-chromatic number oj'Bén is five, )(;_(Bf;ﬂ) =5

Proof. Let B, be a subdivision of certain barbell

eration of origami graphs for n =23, s=1, with

V(B5,) = (st is Vi Vo Wis Wit € (1, mJ} U (s
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t€{L,..,s}} and E(B5,) Eluws wvy, viws ity 1,
wittiyq:d €{1,..,n}} U _{un+iwn+i:un+ivn+i: VntisWatis
Unillnsi+1 Wnillnriva! L€ {L.n=-1}} U {ux,
XUpp U xix i €41, ..., s = 1}

To prove the theorem, we will be divided into two
cases :

Cases 1. Forn =3

First, we determine lower bound of x,(B3,) . Since
subdivision of certain barbell operation of origami graphs,
containing origami graphs Oz, then by Theorem 1.2.
X.(B3,) = 4. Next, we will show that 4 colors are not
enough. Origami graph B, there are six complete graph
with four vertices, denote by K, . Without loss of
generality, we assign three colors for any K, in B3,, and
then the six vertices are dominant vertices. As a result, if
we use four colors it is not enough because there are more
than one Ky in Bg,. So x.(B5,) = 5.

Next, we determined the upper bound of x,(B5,) <
5. To show that x;(B5,) < 5, consider the 5-coloring ¢
on Bp, as follﬂ,
Cy = {ug, wo, g, Us};
C, = {ugy wy, wsk:
Cg = {uz, 1V, Wa, Us, Vg, U&] U {xEIfDI" odd f.,f. > 1}.
C, = {ug, vy, Wy, W} U {x;|foreveni,i = 2};
Cs ={v:}

The coloring ¢ will create partition IT on V(B3,). We
shall show that the color codes of all vertices in B, are
clifcr We have cp(uy) =1(0,2,1,1,1) ; cpluy) =
(1,1,0,1,2) cn(us) = (1,2,1,0,1) @ cplwy) =
(1,0,1,1,5s + 3); cp(us) = (L, L, L,0,5 + 4); cp(ug) =
(s +4) : av)=(132,01); cplvy) =

(1,3,0,1,2) : cn()=(201,13) : cnlvy)=
(2,1,1,0,s + 4); cy(vs) = (0,1,2,1,5s + 5): cplvg) =
(1,2,1,0,s + 5) ; cplwy) =(1,3,2,1,0) ; cplw,y) =
0,21,1,2) ; cplwy)=(L1,1,0,2) : cylwy)=
(2,1,0,1,s + 4): cp(ws) = (1,0,2,1,s + 5); cnlwg) =

(1,1,0,1s + 4). For s =1, we have cpy(x;) = (i +
1,1,1,0,i g 2) For i odd, i < E] s> 2, we have
ea(x) = (@ + Li + 1,1,0,i + 2). For ven.i < |3,
s = 2, we have en(x;) = (i + Li + 1,0,1,i +Y.
Fori odd, i > E],S = 2, we haveep(x;)) = (s — i +
25 — i+ 11,0 + aFnr {even, i > E]s > 2,

we have cp(x;) = (s — 2,s—i+ 1,01 + 2)

Since the color codes of all vertices Bj, are diferent,
thus ¢ is a locating coloring. So y; (Bp,) < 5.

Case 2. Forn =z 4
First, we determine lower bound of )(,_(Bgn) forn=4.

Since subdivision of certain barbell operation of origami
graphs, containing origami graphs 0, then by Theorem
1.2 it is clear that x, (B3, ) = 5.
1
To show the upper bound for E& locating-chromatic
number for subdivison of certain barbell operation of
origami graphs y.(B3 ) =5 for n = 4. Let us diferent

some subcases.

Subcase 2.1. (odd 1), for E] odd, n =5

Let ¢ be a coloring for subdivison of certain barbell
operation of origami graph B , for E] odd, n = 5 we
make the partition IT of V(B3 ) :
C={wm|l<i<n}uU{upk:

C, = {uylforoddi,3<i<n} U {yfforeveni,2 <i<
=1} U (it fforoddi,3 <i < [2] =2} U {ayylfor
odl:li,E]+2 <i<n} U {vyylforeveni,2<i<n-—
1}u {xi|form1 ii=2})

C; = {ulforeveni,2 <i < E] — 1} U {u;|for eveni, E]
+3<i<n-1}u {ylforoddi1<i < U {unqil
foreveni,2 <i< n—1}U{v, lforodd 1 <i<n}
C, = {u;} U{w, ;11 <i < n}u{xlforoddi,i = 1}

o = g} ¥ Qs

For E] odd n = 5, the color codes of all the vertices
of V(B3,) are :

cn(uy) =
0, for 2" ordinate,even,3 < i< nn=5

for 3" ordinate, even i,2 < i < EI -1n=5
for 3¢ ordinate, even i, EI +3<i<sn—-1n=9
for 4" ordinate, i = 1
for 5" ordinate, i = EI +1
B for 3" ordinate, i =

E|+1
2

,n=5

1, for 4" ordinate,2 < i < %

for 4" ordinate, EI +l<i<nn=z=5
for 5t ordinate, EI +1<i<nn=5
for 5% ordinate,2 < i < [5|,n > 5

for 5t" ordinate, i = 1

1, otherwise.
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n—i+1,
=i
i[5}

1
en(tn+i) =
i—1,
n—i+1,
0,

for 2 ordinate,mm L2<i<n—-1n=5
for 3" ordinate,odd i,1 < i <nmn =5
for 2" grdinate, i = 1

for 3" ordinate, i = EI +1

for 4" ordinate,2 < i < El,n =5

for 4™ grdinate, EI +1<is=nn=5
for 5t* ordinate, i = 1

for 5" ordinate,2 < i < Eln =5

for 5" ordinate, EI +l<isnn=5
otherwise.

for 1°¢ ordinate,1 < i <n,n =5
for 2"? grdinate,i = 1
for 372 ordinate, i = EI

for 4t" grdinate, 1 < i < El,n =5
for 4t" grdinate, EI +1<isnn=5
for 5" grdinate, 1 < i < El,n =5

for 5" ordinate, EI +1<is=nn=5

otherwise.

for 19 ordinate, 2 < i < El,n =5

for 1%t ordinate, EI +1<i<nn=z=5

for 1% ordinate, i = 1

for 2" ordinate, odd i,3 < i < EI -2n=9
for 2" ordinate, odd i, EI +2<i<nn=5
for 3" ordinate,eveni,3<i<n—-1,n=5
for 5t ordinate, i = EI +1

for 1°¢ ordinate,i = EI

for 2" grdinate, i = EI

for 5" ordinate, 1 < i < EI -1,n=5
for 5t" ordinate, [EI +l<i<nn=5

otherwise.

cnlvnsr) =
i, for 15 ordinate, 2 < i < EI ,n=5
n—i+2  for 1% ordinate, EI +l<is=nn=5
0, for 2" ordinate,even,2 <i<n—1,n=5
for 3" ordinate, oddi,1<i <n,n=5
12, for 2"? ordinate, i = 1
3, for 2" ordinate, i = EI
EI —i+1, for5t™ ordinate,1<i< Eln =5
i— EI +1, for5™" ordinate, EI +1<i<nn=5
1, otherwise.
"-‘I'J(Wnﬂ) =
i, for 15t ordinate, 2 < i < EI ,n=5
n—i+1, for1° ordinate, EI +1l1<i<nnz=5
2, for 2" ordinate,i = 1 andi = EI
Yo, for 4" ordinate, A8 i <n,n > 5
E —i, for 5t ordinate, 1 < i < r—;] —1,n=5
i— EI +1, for5" ordinate, EI <i<nn=5
1, otherwise.
Cn(xi) <
s—i+1, for 1°¢ ordinate, i > lzl,s =2
s
i+1, for 1°¢ ordinate, i < [E‘ ,5=2
s
for 37 ordinate, i < [EI
1, for 1°¢ ordinate, i = s
) for 2™ prdinate, odd i ,i = 1
for 4t" ordinate, even i, i = 2
s
s—i+2 for 3" ordinate, i > lfl
n s
i+ [EI - for 5t ordinate, i < [EI
s
O L th s [E
s—i+ ’zl +1, for 5" ordinate,i = [2]
0,

otherwise.

Since for odd n all vertices have different color codes,
c is a locating coloring for subdivison of certain barbell
operation of origami graphs B3, so that x, (B5 ) < 5, for

E] odd, n = 5.

Subcase 2.2, (odd n), for E] even,m =7

Let ¢ be a coloring for subdivison of certain barbell
operation of origami graph B , for E] even, n =7 we
make the partition [T of V(B3 ) :

G ={wm|l<i<n}uU gk

C, = {ylforoddi,3<i<n} U {ylforeveni,2 <i<
n—1} U {ugyilforeveni,2 <i< E] -2} U {upl
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for even i, E] +2< isn—1} U {vpylforoddi, 1<
i<n})
C; = {u;|foreveni,2 <i < E] — 2} U {w|for even i, E]
+2<isn-1Nu{ylforoddi,l<i<n} U {u,4l
foroddi, 3<i< n} U {v,lforeveni,2 <i<n-1}
U {x;|for even i,i = 2};
Cy={u 3V {wyill <i<n}u{xlforoddi,i=1};
Cs = {u Ufu  m}.

= W) Vlepsp

For E] evenn = 7, the color codes of all the vertices

of V(B3, ) are :

) =
0, for 2"? ordinate, oddi,3 € i <nn=7
for 3" ordinate, eveni,2 < i < EI -2n=7
for 3" ordinate, even i, EI +2<i=n—-1,nz=7
for 4" ordinate, i = 1
for 5" ordinate, i = EI
J2, for 3" ordinate,i = EI
i—1, for 4t" ordinate, 2 <i < El,n =7
n—i+1, for4™ ordinate, EI +l<is=nn=7
i— EI for 5t ordinate, EI +1<i<nn=7
“|-i  fors® ordinate 1< i <[} -1n>7
1, otherwise.
L‘n(b"l) =
0, for 2nd ordinatem-n ii2<i<n—-1n=7
for 37 ordinateodd i, 1 <i<n,n>=7
2, for 2"? prdinate, i = 1
3, for 3¢ ordinate,i = EI
)i for 4™ grdinate, 1 < i < Eln =7

n—i+2 t’or4”‘ordinate,[§l+1£i£n,n2?
[5 —i+1, for5™ordinate,1<i< El,n =7

= E +1, for 5™ ordinate, EI +1<i=nn=7

1, otherwise.

cnl(wy) =
0,
2,
i
I
n—i+1,
[ -o
fi= EI 41,
1,
cnlngi) =
i—1,
n—i+1,
0,
2,
HR
i-[]
1,
cnl(vne) =
i,
n—i+2,
0,
12
3,
EI —i+1,
i— E +1,
1,
cn(Wpsi) =
i,
n—i+1,
2,
4 N
5 -0
e

for 1% ordinate, 1 < i <n,n= 7
for 2" ordinate, i = 1

for 4" ordinate, 2 < i < El,n =7

for 37 ordinate, i =

K]

for 4™ prdinate, EI +1<isnn=7
for 5" ordinate, 1 < i < El,n =7

for 5t ordinate, EI +1<i<nn=7
otherwise.

for 1% ordinate,2 < i < El,n =7

for 1°¢ ordinate, EI +l<sisnn=7

for 1% ordinate,i = 1

for 2" ordinate,even {,2 <i < EI —2n=7

for 2" prdinate, even i, EI +2<i=n—1n=7
for 3" ordinate,odd i,3 <i<nnz=7

for 5t ordinate,i = EI

for 2" ordinate, i = EI

for 5" ordinate, 1 < i < EI —1,n=7

for 5t ordinate, EI +1<isnn=7

otherwise.

for 15 ordinate,2 <i < EI —1n=7

for 1% ordinate, EI +l<isnn=7

for 2" ordinate, oddi, 1 <i <nn=>7
for 3" ordinate,eveni,2 < i<n—1,n>7
for 3" ordinate,i = 1

for 2" ordinate, i = EI
for 5" ordinate, 1 <i < EI n=7

for 5t ordinate, EI +1<isnanz=7
otherwise.

for 1% ordinate, 1 < i < El,n =7
for 1% ordinate, EI +tl=is=nn=7
for 2" ordinate, i = EI

for 3" ordinate, i = 1
for 4% ordinate, 1 <i <= n,n =7
n

for 5t ordinate, 1 < i < H -1n=7

for 5" ordinate, [;I <isnnz=7

otherwise.
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g
s—i+1 for 1% ordinate, i > EI ,$22
i+1, for 1% ordinate, i < EI s=2
1, for 1°* ordinate,i = s
for 3" ordinate, odd i,i = 1
for 4" ordinate, eveni,i = 2
li, for 2™ ordinate,i < EI
s—i+2  for 2" ordinate,i > EI
2, for 37 ordinate, s = 1
s E — 2, for 5" ordinate, i < EI
s—i+ EI, for 5t" ordinate, i > E
0, otherwi:

Since for odd n all vertices have different color codes,
c1s a locating coloring for subdivison of certain barbell
operation of origami graphs B, so thaty; (B ) < 5, for

n
I—] even,n = 7.
2

Subcase 2.3. (even n), for g odd,n =6

Let ¢ be a coloring for subdivison of certain barbell
operation of origami graph B, forgodd, n = 6 we make
the partition T V(Bs, ) :
G=will<iss-Bu{wl+1<i<n}u{tnak
C, ={wylforoddi,3<i<n-1} v {ylfor E’VEI‘m <
i <n} U {u, lforeveni,2 <i<n}u {v,, |forodd i,
l<isn-1}

C; = {u|for even E, i<n} U {vlforoddi,3<i<
n—1}U {upy|foroddi,3 <i<n-—1} U {v,|for
eveni,2 < i <n} U{x|foroddii=1};

Ci={w} U Wnll SIS2—13U (wyyl s +1sis<
n}uU {xlforodd i, i =2}

Cs = {W:_l} U {W“+E},

Fur% odd n = 6, the color codes of all the vertices of
V(B3,)are:

enluy) =
0, for 2"d prdinate,oddi,3<i<n—-1,n=6
for 3" ordinate,eveni,2 < i <n,n =6
for 4t" ordinate, i = 1
5 for 37 ordinate, i = 1
n
i—1, for 4" ordinate, 2 < i 55,:12 6
1 n
—i+1, forath ordinate,i +l<i<snn=6
n
=—i+1, for5™ordinate1<i< 7 m=6
- n th . n .
i— > for 5 ordmate,i +l<is=nn=6

1, otherwise.

cnvy) =
3,

0,

i,
in—i+2,
Z_i+z,
2
i-2+1,
1,
cnlwy) =
0,

2,

X
n—i+1,
241,
l—;—1+1,
1,
cnlitns) =
i—1,
n—i+1,
0,
10

&

4 [+ 1
—Liya,
2

S on
i=
]
cnl(vns) =
n—i+2
0,

<3}

2 _i+1
5—i+1,
I—E‘l'l,
1

for 2" grdinate,i = 1

for 2" ordinate,even i, 2 < i <n,n = 6
for 3" ordinate,odd , 1 < i=n—1n=6
for 4t" grdinate, 1 <i < %,n =6

for 4th ordinate,;—1 +1<is=nn=6

for 5" grdinate,1 < i < E —-1,n=6

for 5t ordinate,;—1 <i<nn=6
otherwise.

for 1% ordinate,1 i < E —-1n=6

for 15t 0rdinate,§+ lsi=nn=6

" N n
for 5" ordinate, i = =

=

for 2" grdinate,i =
for 4" ordinate, 1 < i < E,n =6

for 4th ordinate,g +1<i=nn=6
for 5t ordinate, 1 < i < %— Ln=6
for 5 ordinate,g +l<is=nn=z6
otherwise.

n

for 1t ordinate,2 <i<—,n=6
2
n

for 15¢ ordinate,z <isnn=6
for 2"? grdinate,even L2 <i<nn=6
for 3" ordinate,odd ,3<i<n—1n=6
for 1% ordinate, i = 1
for 3" ordinate,i = 1

=

for 5t" ordinate, 1 < i < E,n =6
n
for 5th ordinate,5+ 1<sis=nn=6

otherwise.

n
for 1°* ordinate,2 < i < 7m =6
n
for 15¢ ordinate,§+ 1<isnmn=6
for 2% ordinate,oddi,1<i<n—1n=6
for 3" ordinate,eveni,2 < i <n,n =6
for 2™ grdinate,i = 1

n
for 5™ ordinate,1 <i < 5~ Ln=6

n
for 5t ordinate,z <ismn=6

otherwise.

83
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cn(Wnsp) =
. . . n
i for 1 ordinate,1 <i < oz 6
n—i+1, forl® ordinate,%+ 1=is€nn=6
2, for 2? ordinate, i = 1
0, for 4" ordinate, 1 < i < E -1,n=6
{ for 44" ordinate,g +l<is=nn=6
for 5t" ordinate, i = ;
%—i+1, for 5t" ordinate,lsisg—l,naﬁ
i—§+1, for 5t ordinate,§+15i5n,n26
1, otherwise.
e (g
s—i+1, for1% ordinate, i > El,s =2
N . . 5
i+1, for 15 ordinate, i < [;I 5= 2
0, for 3" ordinate, eveni,i = 2
for 4" ordinate, odd i, i = 1
li, for 2"? prdinate, i < EI ,s=2
s—i+2 for 2" prdinate,i > EI ,s=2
i +% —1 for5™" ordinate,i < EI s =2
s—i +§ for 5" ordinate, i > EI s =2
1, otherwise

Since for odd n all vertices have different color codes,
cis a locating coloring for subdivison of certain barbell
operation of origami graphs Bp_, so that x, (B5,) < 5, for

n
3 odd,n = 6.

Subcase 2.4, (even n), for 2 even, n = 4
Let ¢ be a coloring for subdivison of certain barbell
operation of origami graph By , 2 even, n = 4 we make
the partition IT of V(B3 ) :
Ci=Wwill<si<Z-1uwl]+1<i<njufu,)
C, ={ylforoddi,1<i=n-—1} U {y|foreveni, 2 <
i <n} U {u,,lforoddi,3<i<n} U {v,,|foreveni
Jd<isn-1}
Cy = {u;|foreveni,2 <i<n-2} U {yfforoddi, 1<
i<n—1} U {uyyilforeveni,3<i<n—1} U {v,4l
forodd i,2 <i < n}uU{x;|for oddi, i = 1}.
Cr={un} Uflwnll <i < ;} u {Wn+i|;+ 2<i<n}
U {x;|for even i,i = 2}
Cs = (WU {wyyz,.}

Forg even n = 4, the color codes of all the vertices of
V(B3,) are :

cnlug) =
0,

In—i+1,

i+1,

for 2" ordinate,oddi,1 <i<n—1,n= 4
for 3™ ordinate,eveni,2 < <n,n = 4
for 4" grdinate,i = n

for 4t" grdinate, 1 <i < %,n =4

for 4th ordinate,% +1<i=n-1n=4
for 5t" ordinate, 1 < i < %,'ﬂ =4

for 5th ordinate,§+ l<i<nnz=4
otherwise.

for 2" ordinate,even,2 <i < n,n = 4
for 3" ordinate,odd i,1 < i<n—-1n= 4
for 4t grdinate, 1 < i < %,n >4

for 4t ordinate,g +tlsisnn=4

for 5t ordinate,1 < i < ; —-1n=4

for 5t ordinate,g <isnn=4

otherwise.

for 1°¢ ordinate,1 < i < E —-1,n=4
for 1°¢ ordinate,%+ 1<i=nn=4

. . n
for 5™ ordinate, i =

2
for 1°t ordinate, i =E

for 3" prdinate,i = n

for 54" ordinate,% +1<i
otherwise.

for 1° ordinate,2 < i < %,n =4

for 15¢ ordinate,% +l<is=nn=4

for 2" ordinate,even ,2 < i <nn= 4
for 3¢ ordinate,odd ,3<i<n—1n =4
for 1°¢ ordinate,i = 1
for 3" ordinate, i = 1
for 5t" ordinate, 1 < i <
for 5th ordinate,;—1 +1<

otherwise.
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cn(vns) =
. . . n
i for 1°! ordinate, 2 < i < 7+ 1L,n=4
n—i+2, forl® ordinate,%+25i£n,n24
0, for 2" ordinate,oddi, 1 < i<n—1n=4
) for 3" ordinate, even i,2 < i < n,n =4
3, for 2" grdinate,i = 1
%— i+3, for5t™ ordinate,1<i < %,n =4
i —%, for 5t ordinate,%+ l<i<nn=4
1, otherwise.
I5I'I("‘i'n+i) =
5 . N n
i, for 15 ordinate, 1 =i = Sn= 4
n—i+1, fori1st 0rdinate,%+1£i£n,n24
0, for 4" ordinate, 1 < i < E)n =4
for 4th ordinate,%+ 2<i<=n,n=4
1 for 5" ordinate,i = % +1
2, for 4t" ordinate, i = %+ 1
S—i+2, for5™ordinate,1<i<?,nz24
i —%, for 5 ordinate,%+ 2<i<nn=4
1, otherwise.
cnl(x) =
G = pidall for 15¢ ordinate, | > El,s =2
N " . 5
i+1, for 1°¢ ordinate, i < [E‘ ,5=2
for 2" grdinate,i < EI ,s=2
s—i+2, for 2" ordinate, i = El.s =2
0, for 3" ordinate,odd i,i = 1
for 4" ordinate, eveni,i = 2
i +%, for 5t ordinate, i < EI 522

. n . . i
s—i+;+1, for 5t ordinate, i = [EI ,s=2
1, otherwise.

Since for odd n all vertices have different color codes,
cis a locating coloring for subdivison of certain barbell
operation of origami graphs Bp_, so that x; (Bp,) < 5, for

Z even, n = 4. This completes the proof of the theorem. 7
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