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Abstract

The locating-chromatic number of a graph is combined two graph
concept, coloring vertices and partition dimension of a graph. The

locating-chromatic number, denoted by ¥, (G), isthe smallest k such

that G has alocating k-coloring. In this paper, we discuss the locating-
chromatic number for certain operation of generalized Petersen graphs

sP(n, 1).
1. Introduction

In 2002, Chartrand et al. [7] introduced the locating-chromatic number
of a graph, with derived two graph concept, coloring vertices and partition
dimension of a graph. Let G =(V, E) be a connected graph and ¢

be a proper k-coloring of G with color 1, 2, ..., k. Let [ = {Cy, C», ..., Cy}
be a partition of V(G) which is induced by coloring c. The color code
cry(v) of vis the ordered k-tuple (d(v, C;), d(v, Cy), ..., d(v, Cy)), where
d(v, C;) = min{d(v, x)|x € C;} for any i. If all distinct vertices of G have
distinct color codes, then c is called k-locating coloring of G. The locating-
chromatic number, denoted by ¥ (G), is the smallest k such that G has a

locating k-coloring. Next, Chartrand et al. [6] determined the locating-
chromatic number for some graph classes. On PR, it isapath of order n > 3,

and hence x| (R,) =3, foracycle C, if n>3 odd, y (Cy) =3, andif n
even, then y (C,)) = 4; for double star graph (S, ), 1<a<b and b > 2,
obtained ¥ (Syp) =b+1.

The following definition of a generalized Petersen graph is taken from
Watkins [8]. Let {u;, Us, ..., U,} be some vertices on the outer cycle and

{V\, Vo, ..., Vp} be some vertices on the inner cycle, for n>3. The

generalized Petersen graph, denoted by P(n, k), n>3, 1<k < [n;lJ,
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1<i < n isagraph that has 2n vertices {u;} U {v;}, and edges {u;u; 1} U
{Viviek s U {uivi -

Now, we define a new kind of generalized Petersen graph called

sP(n, k). Suppose there are s generalized Petersen graphs P(n, k). Some

vertices on the outer cycle v, i =1, 2, ..., n for the generalized Petersen

graph tth, t =12, .., 5,5s>1 denoted by uit, while some vertices on

the inner cycle v;, i =1 2, .., n for the generalized Petersen graph tth,
t=12..s s=>1 denoted by vit. Generalized Petersen graph sP(n, k)

obtained from s>1 is the graph P(n, k), in which each of vertices on

the outer cycle u, i e[l n], tell s] is connected by a path (uful*l),

t=212..,5-1s>2

The locating-chromatic number for corona product is determined by
Baskoro and Purwasih [5], and locating-chromatic number for join graphs is
determined by Behtoei and Ambarloei [1]. Additionally, Welyyanti et al.
[9, 10] discussed locating-chromatic number for graphs with dominant
vertices and locating chromatic number for graph with two homogeneous
components. Asmiati obtained the locating-chromatic number of non-
homogeneous amalgamation of stars [3]. Next, Asmiati et a. [4] determined
some generalized Petersen graphs P(n, 1) having locating-chromatic number

4 for odd n>3 or 5; for even n> 4, certain operation of generalized
Petersen graphs sP(4, 2) determined by Irawan et a. [2]. Besides that, in
this paper, we will discuss the locating-chromatic number of generalized
Petersen graphs sP(n, 1).

The following theorems are basics to determine the lower bound of the
locating-chromatic of a graph. The set of neighbours of a vertex y in G is
denoted by N(y).
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Theorem 1.1 [7]. Let c be a locating coloring in a connected graph G.
If x and y are distinct vertices of G such that d(x, w) = d(y, w) for all

we V(G) - {x, y}, then c(x) = c(y). In particular, if x and y are non-

adjacent vertices such that N(x) = N(y), then c(x) = c(y).

Theorem 1.2 [7]. The locating-chromatic number of a cycle C,, is 3 for

odd n and 4 for otherwise.

Theorem 1.3 [4]. The locating-chromatic number for generalized
Petersen graphs P(n, 1) is4for odd n > 3 or 5for even n > 4.

2. Main Results

In this section, we will discuss the locating-chromatic number of new
kind generalized Petersen graphs sP(n, 1).

Theorem 2.1. | (sP(3,1) =5, for s> 2.

Proof. First, we determine the lower bound of y (sP(3, 1)) for s> 2.
Because a new kind generalized Petersen graph sP(3,1), s> 2 contains
some generalized Petersen graph P(n,1), then by Theorem 1.3,
xL(SP(3,1)) > 4. Suppose that c is a 4-locating coloring on sP(3,1).
Consider c(u!)=1i,i =123 and c(v{) = j, j =1 2,3 suchthat c(u) =

c(v}) for c(uil) adjacent to c(v}). Observe that if we assign color 4 for any

vertices in uiz or vi2, then we have two vertices whose the same color

codes. Therefore, ¢ is not locating 4-coloring on sP(3, 1). As the result,

xL(sP(3 1) > 5 for s> 2.

Next, we determine the upper bound of y, (sP(3,1)) <5 for s> 2.

Assign the 5-coloring c on sP(3, 1) asfollows:
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1 fori=1and odd s
2 fori=2andodds;
oc(uit)z 3 fori=3andodd s,
3 fori=1and even s
1 fori=2andevens
4 fori=3andevens.
2 fori=1
ec(V)=13 fori=2
5 fori=3.
3 fori=1andodd s> 3
1 fori=2andodd s> 3
oc(vit): 2 fori=3andodd s> 3
4 fori=1and even s,
2 fori=2andevens,
3 fori=3andevens.

The coloring ¢ will create the partition [ on V(sP(3, 1)). We show that

the color codes of al verticesin sP(3,1) are different. For s =1, we have
cn(u)=(0,1122); cquz)=(L0122); cu(s) =101,
cn)=(L0,131; cn(v3)=(21031); cx(v3)=(21120).
For s>3 odd, we hae cq()=(0112i+s); cyub)=
(1L,0,1,2i+9); cy(U§)=(L10,1s); cy(v)=(L10,3s+2); cy(vh)
=(0,4,1 3 i+5s); cH(vé)z (14, 0,1 2 s+1). For s> 2 even, we have
cri(u) =L 10,1s+1); cy(up) = (0,111 s); cy(uf)=(L210,59);

cn(v)=(2110s+2); cy(vy)=(10,11Ls+2); cq(vy) =110,
1, s+1). Since the color codes of all vertices in sP(3,1) are different, it
followsthat | (sP(3,1)) <5 for s> 2.
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Theorem 2.2. | (sP(n, 1)) =5, for s> 2 andodd n > 5.

Proof. The new kind generalized Petersen graphs sP(n, 1), for s> 2
and odd n>5 contan some even cycles. Then, by Theorem 1.2,

%L (sP(n, 1)) > 4. Suppose that ¢ is a locating coloring of sP(n, 1), for
s>2 and odd n>5 Let C; ={ul|for odd s} U {u}|for even s} U
{Vi [for even s} U {vj |for odd s, s> 3}; C, = {u};|for odd i and odd s,
j >0} U{vj_q|for odd i and odd s, j > O} U {up; 1| for odd i and even's,
j>0ruU {vtzj |for oddi and even's, j > 0}; C3 = {ut21-+1|for odd i and odd
s, j > 0}U{vh;|for odd i and odd s, j > O} U {u;| for odd i and even

s, j > 0}U{vjj,1lfor odd i and even's, j > O}; C4 = {vp|for odd s} U {vi |
for even s} for {i > 0; j > 0}. Then there are some vertices with same

color codes, cry(uf_1) = (Vi) for even sand cpp(ub) = c(V) for odd:;
s> 2, a contradiction. Therefore, x| (sP(n,1))>5, for s> 2 and odd
n=>s.

We determine the upper bound of y (sP(n, 1)) <5, for n>5 odd. The
coloring c will create the partition TT on V(sP(n, 1)):

C, = {u}| forodd s} U {u},| for even s};

C, = {uj; | foroddiandodd s, j > 0}
U {vtzj_l\ foroddiandodd s, j > O}
U {ubj 4| foroddi andeven s, j > 0}

U {vtzj | foroddiandeven s, j > 0};
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Csz = {ut2j+1| foroddi andodd s, j > O}
U{vtzj | foroddi and odd s, j > 0O}
U{utzj | foroddiandeven s, j > O}
U {vt2j+1| foroddi andeven s, j > 0};

C, = {V,| forodd s} U {v} | for even s};

Cs = {vi}.

Therefore, the color codes of all the vertices of G are:

(@

C, = {u}] forodd s} U {ul,| for even s};
cH(u%) =(0,1 2 21, cn(uﬁ) =(0,11 2, s-1) foreven s> 2
cp(u) =(0,1, 2, 2 s) forodd s> 3.

(b)
C, = {up; | foroddiandodd s, j > O}

U {v3j 4| foroddiandodd s, j > O}

U {ubj 4| foroddi andeven s, j > 0}

U {v; | for odd i andeven s, j > O}.
Let uf,1<i<n-1Li=2j1<] SEJ for odd s; uf,1<i<n-2
i=2j-11<]j SEJ foreven sand Vi, 1<i<n-2i=2j-L1< |

SEJ forodds; vf, 2<i<n-2i=2j;1<j SEJ for even s> 2.



90 Agus lrawan et al.

Fori < [gw we have:

cqui)=(-1201i+1 s+i-1) forodds;
cn(vit) =(,0,1i,s+i) forodds;
cp(ut)=(i,0,1 i, s+i-1) forevens,
cg)=(@1+101i-1s+i) forevens
For i = [g-l we have:
cr(ul) = cH(u%_zjﬂ) =(-24011i,2j+s-1) forodds,
o (W) = ey (Va2j) = (i, 0.1 i -1, 2j + s+1) for odd s
co(ul) = cH(u%_zj) =(i-10,1i,2j+s-1) forevens;
crr(W) = e (Va_2j41) = (i, 0,1 i -1, 2j + s—1) for evenss.
For i > [2] we have:
cr(uf) = e (Up_2j41) = (2], 0,1, 2], 2j + s— 2) forodd s;
(M) = e (Vh_2j) = (2 + 2, 0,1, 2], 2j +s) for odd s,
crr(uf) = cp(up_2j) = (2j, 0,1 2j + 2, 2j + s—1) forevens,

(M) = e (Vh_2j41) = (2], 0,1, 2], 2j + s—1) for evenss,

(©)

Cs = {ut2j+1| foroddi andodd s, j > O}

U {vtzj | foroddiandodd s, j > 0}
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U{utzj | foroddiandeven s, j > O}
U{vt2j+1| foroddi andeven s, j > O}.
Let uf,1<i<n-2i=2j+% 1< ] SEJ—l for s=1 uf,1<]
sn;i:2j+xlsjsth forodd s>3 uf,1<i<n-Li=2j1<]
s[g-‘ for even s and vit,lsi <n-1i=2j;1<j SEJ for odd s; vit,

1<i<n i=2]+151< ] s[g‘ foreven s> 1.

For i < [g‘ we have:

cqui)=(-2120i+1i+s-1) forodds
cg(M) =(i,10,i,i+s) forodds;
cput)=(i,1 0,i,i +s) forevens
cgM)=(+120i-1i+s) forevens.

Fori = [g-l we have:

cr(uf) = ey (U 2j41) = (i —12,0,i, 2j +s—1) forodds;
c(W) = cr(Va_2j) = (i, 1 0,i -1, 2 +s) forodds;
cr(uf) = crp(up_2j) = (-1 1 0,i, 2j + s—1) for evens,

(M) = e (Vn_2j41) = (.1, 0,i =1, 2 + s+1) forevens,
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Fori > [2] we have:

cr(uf) = crp(Up_2j) = (2j +1.1, 0, 2j, 2j + s—1) for odd s,
cr1(W) = e (Vh2j41) = (2] +1.1, 0, 2] -1, 2] + s—1) for odd s,
cr(uf) = e (U 2j41) = (2j -1, 0, 2j +1, 2j + s— 2) for evens;
(M) = e (Vn_2j12) = (2] -1 1,0, 2j -1, 2j + s 2) for evenss.
(d

C, = {V}| for odd s} U {\ | for even s};

cp(Vh) =(2,1 1,0, s) for odd s;

cqu(¥)=(1 210 s+1) forevens.
©

Cs = {va}.

c(va) = (11,21 0).

Since al the vertices have different color codes, ¢ is alocating coloring
of new kind generalized Petersen graphs sP(n, 1), so y (sP(n, 1)) <5, for
odd n> 5.

Theorem 2.3. | (sP(n,1)) =5 for s> 2 andeven n > 4.

Proof. First, we determine the lower bound of y (sP(n, 1)) for s> 2
and even n> 4. The new kind generalized Petersen graph sP(n, 1), for
s> 2 and even n > 4, contains some generalized Petersen graph P(n, 1),

then by Theorem 1.3, % (sP(n, 1)) > 5.
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Next, we determine the upper bound of ¥, (sP(n, 1)) <5 for s> 2 and
n > 4 even. The coloring c will create the partition T on V(sP(n, 1)):

C, = {u}| forodd s} U {ul,| for even s};
C, = {utzj | foroddiandodd s, j > 0}
U {v5j 4| foroddiandodd s, j > O}
U {utzj_1| foroddi andeven s, j > 0}
U {v; | for oddi andeven s, j > O};
Cs = {ut2j+1| foroddiodd s, j > O}
U {v; | for oddi and odd s, j > O}
U{utzj | foroddiandeven s, j > O}
U {v5j 1| foroddi andeven s, j > O};
C, = {ul| for odd s} U {u},_;| for even s};
Cs = {Vn}.
Therefore, the color codes of all the vertices of G are:
(@
Cy, = {ul| forodd s} U {ul,| for even s};
cpu) =(0,1,21 2)ul, =(0,1, 21 s) for even s> 2;

cn(u) =(0,1,2 1, s+1) forodd s> 3.
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(b)
C, = {utzj | foroddiandodd s, j > 0}

U {vtzj_l\ foroddiandodd s, j > O}
U {utzj_1| foroddi andeven s, j > 0}
U {vtzj | foroddi and even s, j > 0}.

~2 forodd s, uf, 1<i<

NS

Let uf, 1<i<n-2 i=2j; 1<j<

n-3 i=2j-1 1sjgﬂf0re\/ensandvit, 1<i<n-1 i=2j-1

N

1< | ggforodds; vil<i<n-Li=2j;1<] sgforeven s> 2.

Fori < [gw we have:
cq(u) =(-12011,i+s)forodds;
cq(W) =(i,0,1i,i+s+1) forodds;

cg(u)=(i,0,Li+1i+s) forevens

cp)=(+101i+2i+s+1) forevens.

Fori > [2] we have:

co(uh) = cH(u},_zj)z (2j+14 0,1 2j, 2j +s) forodd s;
crr(W) = e (Va_2j-1) = (2] +1, 0,1, 2], 2j +s) forodd s,
co(uh) = cH(u}]_Zj_l) =(2j+1,0,1 2j, 2] + s+1) forevens,

c(W) = e (Va2j) = (2] -1, 0,1, 2], 2j + s-1) for evenss.



Certain Operation of Generalized Petersen Graphs ...

(©)

Cg = {ujj,1 forodd i and odd s, j > O}
U {v; | for oddi and odd s, j > O}
U {u}; | foroddi and even s, j > 0}

U {v5j 1| foroddi andeven s, j > O}.

95

Letuf, 1<i<n-1 i=2j+1 1< j sg—lforodds; ut, 1<i <

nN-2 i=2j; 1< j sg—lforevensand vit, 1<i<n-2 i=2j;, 1<
jsg—l for odd s; W}, 1<i<n-1 i=2j-1 1sj§g for even
s> 2

Fori < [gw we have:

cqu)=(31-210,i,i+s)forodds;

() =(,10,i+1i);

cq()=(i,1,0,i+1i+2s—2) forodd s> 3;

cq(u) =(@i,10i+1i+s) forevens

cg)=(+120,i+1i+s) forevens.

Fori > [2] we have:

cr(uf) = ey (up_2j41) = (2§ +1,1,0, 2] -1, 2j + s—1) for odd s;

(V) = o (vh_2j) = (2 + 2,1, 0, 2 +1, 2j);
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(W) = c(Va_2j) = (2] + 21,0, 2j +1, 2j + s+1) forodd s > 3
orr(uf) = ¢y (Un-2j+1) = (2}, 1. 0, 2j -1, 2] +5) for even's;

c(W) = e (Va2j) = (2], 1,0, 2] -1, 2j + s) for evenss.

(d)

C, = {ul,| for odd s} U {u!, ;| for even s};
cn(ul) =@ 2 1,0, s) for odd s;

ca(ul 1) =(1, 210, s+1) forevens.

(e
Cs = (V).

cn(ve) = (21,21, 0).
Since al the vertices have different color codes, ¢ is alocating coloring
of new kind generalized Petersen graphs (sP(n, 1)), so x| (sP(n, 1)) < 5, for
even n > 4.

3. Conclusion

Based on the results, locating-chromatic number of new kind generalized
Petersen graphs sP(n, 1) is5for s> 2 and n > 3.
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