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CERTAIN OPERATION OF GENERALIZED PETERSEN GRAPHS
HAVING LOCATING-CHROMATIC NUMBER FIVE

Agus Irawan, Asmiati, S. Suharsono, Kurnia Muludi and La Zakaria

Abstract

The locating-chromatic number of a graph is combined two graph concept,
coloring vertices and partition dimension of a graph. The locating-chromatic
number, denoted by  is the smallest k such that G has a locating
k-coloring.  In this  paper,  we discuss  the locating-chromatic  number  for
certain operation of generalized Petersen graphs
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Abstract 

The locating-chromatic number of a graph is combined two graph 

concept, coloring vertices and partition dimension of a graph. The 

locating-chromatic number, denoted by   ,GL  is the smallest k such 

that G has a locating k-coloring. In this paper, we discuss the locating-

chromatic number for certain operation of generalized Petersen graphs 

 .1,P ns  

1. Introduction 

In 2002, Chartrand et al. [7] introduced the locating-chromatic number 

of a graph, with derived two graph concept, coloring vertices and partition 

dimension of a graph. Let  EVG ,  be a connected graph and c                   

be a proper k-coloring of G with color ....,,2,1 k  Let  kCCC ...,,, 21  

be a partition of  GV  which is induced by coloring c. The color code 

 vc  of v is the ordered k-tuple       ,,...,,,,, 21 kCvdCvdCvd  where 

    ii CxxvdCvd  ,min,  for any i. If all distinct vertices of G have 

distinct color codes, then c is called k-locating coloring of G. The locating-

chromatic number, denoted by  ,GL  is the smallest k such that G has a 

locating k-coloring. Next, Chartrand et al. [6] determined the locating- 

chromatic number for some graph classes. On nP  it is a path of order ,3n  

and hence   ;3 nL P  for a cycle nC  if 3n  odd,   ,3 nL C  and if n 

even, then   ;4 nL C  for double star graph   baS ba 1,,  and ,2b  

obtained   .1,  bS baL  

The following definition of a generalized Petersen graph is taken from 

Watkins [8]. Let  nuuu ...,,, 21  be some vertices on the outer cycle and 

 nvvv ...,,, 21  be some vertices on the inner cycle, for .3n  The 

generalized Petersen graph, denoted by  ,,P kn  ,3n  ,
2

1
1 



 


n

k  
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ni 1  is a graph that has 2n vertices    ,ii vu   and edges  1iiuu  

   .iikii vuvv   

Now, we define a new kind of generalized Petersen graph called 

 .,P kns  Suppose there are s generalized Petersen graphs  .,P kn  Some 

vertices on the outer cycle niui ...,,2,1,   for the generalized Petersen 

graph tth, 1,...,,2,1  sst  denoted by ,t
iu  while some vertices on             

the inner cycle ,iv  ni ...,,2,1  for the generalized Petersen graph tth, 

,...,,2,1 st   1s  denoted by .t
iv  Generalized Petersen graph  kns ,P  

obtained from 1s  is the graph  ,,P kn  in which each of vertices on           

the outer cycle ,t
iu   ,,1 ni    st ,1  is connected by a path  ,1t

i
t
iuu  

.2,1...,,2,1  sst  

The locating-chromatic number for corona product is determined by 

Baskoro and Purwasih [5], and locating-chromatic number for join graphs is 

determined by Behtoei and Ambarloei [1]. Additionally, Welyyanti et al.      

[9, 10] discussed locating-chromatic number for graphs with dominant 

vertices and locating chromatic number for graph with two homogeneous 

components. Asmiati obtained the locating-chromatic number of non-

homogeneous amalgamation of stars [3]. Next, Asmiati et al. [4] determined 

some generalized Petersen graphs  1,P n  having locating-chromatic number 

4 for odd 3n  or 5; for even ,4n  certain operation of generalized 

Petersen graphs  2,4Ps  determined by Irawan et al. [2]. Besides that, in 

this paper, we will discuss the locating-chromatic number of generalized 

Petersen graphs  .1,P ns  

The following theorems are basics to determine the lower bound of the 

locating-chromatic of a graph. The set of neighbours of a vertex y in G is 

denoted by  .yN  
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Theorem 1.1 [7]. Let c be a locating coloring in a connected graph G.  

If x and y are distinct vertices of G such that    wydwxd ,,   for all 

   ,, yxGVw   then    .ycxc   In particular, if x and y are non-

adjacent vertices such that    ,yNxN   then    .ycxc   

Theorem 1.2 [7]. The locating-chromatic number of a cycle nC  is 3 for 

odd n and 4 for otherwise. 

Theorem 1.3 [4]. The locating-chromatic number for generalized 

Petersen graphs  1,P n  is 4 for odd 3n  or 5 for even .4n  

2. Main Results 

In this section, we will discuss the locating-chromatic number of new 

kind generalized Petersen graphs  .1,P ns  

Theorem 2.1.    ,51,3P  sL  for .2s  

Proof. First, we determine the lower bound of   1,3PsL  for .2s  

Because a new kind generalized Petersen graph  ,1,3Ps  2s  contains 

some generalized Petersen graph  ,1,P n  then by Theorem 1.3, 

   .41,3P  sL  Suppose that c is a 4-locating coloring on  .1,3Ps  

Consider   3,2,1,1  iiuc i  and   3,2,1,1  jjvc j  such that   1
iuc  

 1
jvc  for  1

iuc  adjacent to  .1
jvc  Observe that if we assign color 4 for any 

vertices in 2
iu  or ,2

iv  then we have two vertices whose the same color 

codes. Therefore, c is not locating 4-coloring on  .1,3Ps  As the result, 

   51,3P  sL  for .2s  

Next, we determine the upper bound of    513,P  sL  for .2s  

Assign the 5-coloring c on  1,3Ps  as follows: 
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.evenand3for4

;evenand2for1

;evenand1for3

;oddand3for3

;oddand2for2

;oddand1for1

si

si

si

si

si

si

uc t
i  

  











.3for5

;2for3

;1for2
1

i

i

i

vc i  

  

























.evenand3for3

;evenand2for2

;evenand1for4

;3oddand3for2

;3oddand2for1

;3oddand1for3

si

si

si

si

si

si

vc t
i  

The coloring c will create the partition   on   .1,3PsV  We show that 

the color codes of all vertices in  1,3Ps  are different. For ,1s  we have 

   ;2,2,1,1,01
1  uc     ;2,2,1,0,11

2  uc     ;1,1,0,1,11
3  uc  

   ;1,3,1,0,11
1  vc     ;1,3,0,1,21

2  vc     .0,2,1,1,21
3  vc  

For 3s  odd, we have    ;,2,1,1,01 siuc t     
tuc 2  

 ;,2,1,0,1 si      ;,1,0,1,13 suc t      ;2,3,0,1,11  svc t   tvc 2  

 ;,3,1,1,0 si      .1,2,1,0,13  svc t  For 2s  even, we have 

   ;1,1,0,1,11  suc t     ;,1,1,1,02 suc t      ;,0,1,2,13 suc t   

   ;2,0,1,1,21  svc t     ;2,1,1,0,12  svc t     ,0,1,13 
tvc  

.1,1 s  Since the color codes of all vertices in  1,3Ps  are different, it 

follows that    513,P  sL  for .2s  
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Theorem 2.2.    ,51n,P  sL  for 2s  and odd .5n  

Proof. The new kind generalized Petersen graphs  ,1,P ns  for 2s  

and odd ,5n  contain some even cycles. Then, by Theorem 1.2, 

   .41n,P  sL  Suppose that c is a locating coloring of  ,1,P ns  for 

2s  and odd .5n  Let     susuC t
n

t evenforoddfor11   

   ;3,oddforevenfor1  ssvsv t
n

t    ,oddandoddfor22 siuC t
j   

     
t

j
t

j ujsivj 1212 0,oddandoddfor0   for odd i and even s, 

  ;0,evenandoddfor0 2  jsivj t
j   oddandoddfor123 iuC t

j    

     t
j

t
j ujsivjs 22 0,oddandoddfor0,   for odd i and even 

  ;0,evenandoddfor0, 12   jsivjs t
j      tt

n vsvC 14 oddfor   

sevenfor  for  .0;0  ji  Then there are some vertices with same 

color codes,    tt
n vcuc 11    for even s and    tt vcuc 12    for odd; 

,2s  a contradiction. Therefore,    ,51,P  nsL  for 2s  and odd 

.5n  

We determine the upper bound of    ,51,P  nsL  for 5n  odd. The 

coloring c will create the partition   on   :1,P nsV  

  tuC 11  for odd   t
nus   for even ;s  

  t
juC 22  for odd i and odd 0, js  

 
t

jv 12  for odd i and odd 0, js  

 
t

ju 12  for odd i and even 0, js  

 t
jv2  for odd i and even ;0, js  
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t

juC 123  for odd i and odd 0, js  

 t
jv2  for odd i and odd 0, js  

 t
ju2  for odd i and even 0, js  

 
t

jv 12  for odd i and even ;0, js  

  t
nvC4  for odd   tvs 1  for even ;s  

 .1
5 nvC   

Therefore, the color codes of all the vertices of G are:  

(a) 

  tuC 11  for odd   t
nus   for even ;s  

   ;1,2,2,1,01
1  uc     1,2,1,1,0  suc t

n  for even ;2s  

   suc t ,2,2,1,01   for odd .3s  

(b) 

  t
juC 22  for odd i and odd 0, js  

 
t

jv 12  for odd i and odd 0, js  

 
t

ju 12  for odd i and even 0, js  

 t
jv2  for odd i and even .0, js  

Let 





2
1;2;11,

n
jjiniut

i  for odd s; ;21,  niut
i  







2
1;12

n
jji  for even s and jjinivt

i  1;12;21,  







2
n

 for odd s; 





2
1;2;22,

n
jjinivt

i  for even .2s  
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For ,
2





n
i  we have: 

   1,1,1,0,1  isiiuc t
i  for odd s; 

   isiivc t
i  ,,1,0,  for odd s; 

   1,,1,0,  isiiuc t
i  for even s; 

   isiivc t
i  ,1,1,0,1  for even s. 

For ,
2 





n
i  we have: 

     12,,1,0,112   sjiiucuc t
jn

t
i  for odd s; 

     12,1,1,0,2   sjiivcvc t
jn

t
i  for odd s; 

     12,,1,0,12   sjiiucuc t
jn

t
i  for even s; 

     12,1,1,0,12   sjiivcvc t
jn

t
i  for even s. 

For ,
2 





n
i  we have: 

     22,2,1,0,212   sjjjucuc t
jn

t
i  for odd s; 

     sjjjvcvc t
jn

t
i   2,2,1,0,222  for odd s; 

     12,22,1,0,22   sjjjucuc t
jn

t
i  for even s; 

     12,2,1,0,212   sjjjvcvc t
jn

t
i  for even s. 

(c) 

  
t

juC 123  for odd i and odd 0, js  

 t
jv2  for odd i and odd 0, js  
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 t
ju2  for odd i and even 0, js  

 
t

jv 12  for odd i and even .0, js  

Let ;12;21,  jiniut
i  1

2
1 



 n

j  for ;1s  ,t
iu i1  







2
1;12;

n
jjin  for odd jjinius t

i  1;2;11,;3  







2
n

 for even s and 





2
1;2;11,

n
jjinivt

i  for odd s; ,t
iv  

;1 ni   





2
1;12

n
jji  for even .1s  

For ,
2





n
i  we have: 

   1,1,0,1,1  siiiuc t
i  for odd s; 

   siiivc t
i  ,,0,1,  for odd s; 

   siiiuc t
i  ,,0,1,  for even s; 

   siiivc t
i  ,1,0,1,1  for even s. 

For ,
2 





n
i  we have: 

     12,,0,1,112   sjiiucuc t
jn

t
i  for odd s; 

     sjiivcvc t
jn

t
i   2,1,0,1,2  for odd s; 

     12,,0,1,12   sjiiucuc t
jn

t
i  for even s; 

     12,1,0,1,12   sjiivcvc t
jn

t
i  for even s. 
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For ,
2 





n
i  we have: 

     12,2,0,1,122   sjjjucuc t
jn

t
i  for odd s; 

     12,12,0,1,1212   sjjjvcvc t
jn

t
i  for odd s; 

     22,12,0,1,1212   sjjjucuc t
jn

t
i  for even s; 

     22,12,0,1,1222   sjjjvcvc t
jn

t
i  for even s. 

(d) 

  t
nvC4  for odd   tvs 1  for even ;s  

   svc t
n ,0,1,1,2  for odd s; 

   1,0,1,2,11  svc t  for even s. 

(e) 

 ,1
5 nvC   

   .0,1,2,1,11  nvc  

Since all the vertices have different color codes, c is a locating coloring 

of new kind generalized Petersen graphs  ,1,P ns  so    ,51,P  nsL  for 

odd .5n  

Theorem 2.3.    51,P  nsL  for 2s  and even .4n  

Proof. First, we determine the lower bound of   1,P nsL  for 2s  

and even .4n  The new kind generalized Petersen graph  ,1,P ns  for 

2s  and even ,4n  contains some generalized Petersen graph  ,1,P n  

then by Theorem 1.3,    .51,P  nsL  
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Next, we determine the upper bound of    51,P  nsL  for 2s  and 

4n  even. The coloring c will create the partition   on   :1,P nsV  

  tuC 11  for odd   t
nus   for even ;s  

  t
juC 22  for odd i and odd 0, js  

 
t

jv 12  for odd i and odd 0, js  

 
t

ju 12  for odd i and even 0, js  

 t
jv2  for odd i and even ;0, js  

  
t

juC 123  for odd i odd 0, js  

 t
jv2  for odd i and odd 0, js  

 t
ju2  for odd i and even 0, js  

 
t

jv 12  for odd i and even ;0, js  

  t
nuC4  for odd   

t
nus 1  for even ;s  

 .1
5 nvC   

Therefore, the color codes of all the vertices of G are: 

(a) 

  tuC 11  for odd   t
nus   for even ;s  

     suuc t
n ,1,2,1,0;2,1,2,1,01

1   for even ;2s  

   1,1,2,1,01  suc t  for odd .3s  
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(b) 

  t
juC 22  for odd i and odd 0, js  

 
t

jv 12  for odd i and odd 0, js  

 
t

ju 12  for odd i and even 0, js  

 t
jv2  for odd i and even .0, js  

Let ,t
iu  ;21  ni  ;2 ji   2

2
1 

n
j  for odd s; ,t

iu   i1  

;3n  ;12  ji  
2

1
n

j   for even s and ,t
iv  ;11  ni  ;12  ji  

2
1

n
j   for odd s; 

2
1;2;11,

n
jjinivt

i   for even .2s  

For ,
2





n
i  we have: 

   siiiuc t
i  ,,1,0,1  for odd s; 

   1,,1,0,  siiivc t
i  for odd s; 

   siiiuc t
i  ,1,1,0,  for even s; 

   1,2,1,0,1  siiivc t
i  for even s. 

For ,
2 





n
i  we have: 

     sjjjucuc t
jn

t
i   2,2,1,0,122  for odd s; 

     sjjjvcvc t
jn

t
i   2,2,1,0,1212  for odd s; 

     12,2,1,0,1212   sjjjucuc t
jn

t
i  for even s; 

     12,2,1,0,122   sjjjvcvc t
jn

t
i  for even s. 
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(c) 

  
t

juC 123  for odd i and odd 0, js  

 t
jv2  for odd i and odd 0, js  

 t
ju2  for odd i and even 0, js  

 
t

jv 12  for odd i and even .0, js  

Let ,t
iu  ;11  ni  ;12  ji  1

2
1 

n
j  for odd s; ,t

iu   i1  

;2n  ;2 ji   1
2

1 
n

j  for even s and ,t
iv  ;21  ni  ;2 ji   1  

1
2
 n

j  for odd s; ,t
iv  ;11  ni  ;12  ji  

2
1

n
j   for even 

.2s  

For ,
2





n
i  we have: 

   siiiuc t
i  ,,0,1,1  for odd s; 

   ;,1,0,1,1 iiivc i   

   22,1,0,1,  siiivc t
i  for odd ;3s  

   siiiuc t
i  ,1,0,1,  for even s; 

   siiivc t
i  ,1,0,1,1  for even s. 

For ,
2 





n
i  we have: 

     12,12,0,1,1212   sjjjucuc t
jn

t
i  for odd s; 

     ;2,12,0,1,222
1 jjjvcvc t

jni    
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     12,12,0,1,222   sjjjvcvc t
jn

t
i  for odd ;3s  

     sjjjucuc t
jn

t
i   2,12,0,1,212  for even s; 

     sjjjvcvc t
jn

t
i   2,12,0,1,22  for even s. 

(d) 

  t
nuC4  for odd   

t
nus 1  for even ;s  

   suc t
n ,0,1,2,1  for odd s; 

   1,0,1,2,11  suc t
n  for even s. 

(e) 

 ,1
5 nvC   

   .0,1,2,1,21  nvc  

Since all the vertices have different color codes, c is a locating coloring 

of new kind generalized Petersen graphs   ,1,P ns  so    ,51,P  nsL  for 

even .4n  

3. Conclusion 

Based on the results, locating-chromatic number of new kind generalized 

Petersen graphs  1,P ns  is 5 for 2s  and .3n  
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