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Abstract

In this paper, we consider a generalization of a double discrete sine-Gordon
equation. The generalization is done by introducing a number of parameters in
the Lax-pair matrices. By restricting to the traveling wave solution, we derive
a three-parameter family of discrete integrable dynamical systems using the
so-called staircase methods. Special focus is on the cases where the resulting
family of dynamical systems is of low dimension, i.e., two-dimensional. In
those cases, the dynamics and bifurcation in the system is described by means
of analyzing the level sets of the integral functions. Local bifurcation such as
period-doubling bifurcation for map has been detected. Apart from that, we
have observed nonlocal bifurcations which involve collision between
heteroclinic and homoclinic connection between critical points.
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Abstract

In this paper, we consider a generalization of a double discrete sine-
Gordon equation. The generalization is done by introducing a number
of parameters in the Lax-pair matrices. By restricting to the traveling
wave solution, we derive a three-parameter family of discrete
integrable dynamical systems using the so-called staircase methods.
Special focus is on the cases where the resulting family of dynamical
systems is of low dimension, i.e., two-dimensional. In those cases,
the dynamics and bifurcation in the system is described by means of
analyzing the level sets of the integral functions. Local bifurcation

Received: September 5, 2016; Accepted: September 30, 2016

2010 Mathematics Subject Classification: 37J10, 37J35, 39A11, 70K43.

Keywords and phrases: AA-sine-Gordon equation, two-dimensional mapping, critical points,
integrable systems, bifurcations.

*Corresponding author



166 L. Zakaria and J. M. Tuwankotta

such as period-doubling bifurcation for map has been detected. Apart
from that, we have observed nonlocal bifurcations which involve
collision between heteroclinic and homoclinic connection between
critical points.

1. Introduction

The sine-Gordon equation is a partial differential equation which is
known to have soliton solutions, hence it is also called one of the soliton
equations. The discretized (both in space and in time) version of the equation
could be done in various ways. In this paper, we will follow the version
in [4, 9-13], i.e., by describing its Lax-pair. By restriction to traveling wave
solution, we derive an ordinary difference equation (see [7]) which is
integrable as is the original equation.

In the literature, attention has been devoted to the integrability of the
equation, the geometry it generates, symmetry in the system or the
classification of integrable system (see [1]). In 2010, Late J. J. Duistermaat
wrote a seminal book called Discrete Integrable Systems, QRT Maps, and
Elliptic Surfaces [3] which provide us with a novel way of looking at
integrable system. This book also originated from a discussion on a
generalized discrete sine-Gordon equation between one of the authors of this
paper and J. J. Duistermaat as is indicated in the preface of that book.

The mapping which is derived from the sine-Gordon equation is known
to be a part of the celebrated Quispel-Roberts-Thompson (QRT) maps [12].
The latter is known as the most general family of Liouville integrable two
dimensional maps. In [8], families of integrable mapping on a plane which is
not a member of the QRT maps are introduced. Another interesting extension
of the study on sine-Gordon equations is found in [14] where non-integrable
perturbation is introduced.

Our interest in studying the sine-Gordon discrete dynamical systems is
on the dynamics and the bifurcations therein. To do this, we need to have
free parameters in the system. For this reason, we introduce a generalization

to the sine-Gordon equation (originally this generalization was introduced
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in [16]). Since integrability is a property to be preserved, we choose to
generalize the Lax-pair. By requiring the compatibility of the horizontal and
vertical switches, we derive a mapping which we call: generalized sine-

Gordon equation.

We begin with formulating a generalized sine-Gordon equation, by
introducing eight parameters into the Lax-pair matrices. By analyzing the so-
called compatibility condition (or commutativity of the multiplication of the
matrices), we derive a system of two algebraic homogeneous equations. We
have two possibilities: the space of solutions of the system of homogeneous
equations is one dimensional or two dimensional. In this paper, we restrict
ourselves to consider only the latter. By doing this, we can reduce the

number of parameters in the system to three.

Using the so-called staircase method (see [10] or [7] for a general
setting), we derive an ordinary discrete integrable dynamical system, with
three parameters. Further reduction to the number of parameters in the
system can be done by analyzing the integrals of the discrete system. For the
case studies where the dimension of the phase space of the discrete system is
two or three, we derive seven functions which contain the dynamics for all
values of parameter. By analyzing the level sets of these functions, we derive
some conclusion on the dynamics and bifurcations in the system. This study
is related to [5].

We have observed an interesting local bifurcation of critical point in the
system, namely: the period doubling bifurcation, where two period-2 points
are created from a critical point. We have observed also a nonlocal
bifurcation involving collision of homoclinic and heteroclinic connection
between saddle type critical points. Furthermore, we have observed a change
of stability of a critical point from a saddle type into an elliptic type of which
we have not seen before in the literature.

2. Problem Formulations

A AA-sine-Gordon equation on a two-dimensional lattice 7? is defined
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as follows:
Vl,mVl+1,mVl,m+1Vl+l,m+1 - pQ(Vl,mVl+l,m+l - Vl+1,mVl,m+1) =1, (2.1)
for fields V; ,, defined at the site (/, m) of the lattice, while p, g are arbitrary

constants. Let us write & ,,(k) = (V] ,(k), U}, 2T for the vector

consisting of wave functions at location (/, m) on the lattice, depending on a

spectral parameter k. The above equation is derived from the consideration of

the following maps:

1 h
§1+1 m(k) = —M Oral m(k)
& ma1(k) = —Mvméz m(k),
=
where
p Vi1, m q Vl,m+l 1
M}j‘i,r, = 2 Viem | and M)S% =17 Vim kZVI,m :

Vl,m Vl,m _Vl,m+1 q

These two matrices are also known as the Lax-pair matrices. This mapping is
well-defined if

vert hor hor Vert
(Ml+1 mM Ml,m+1 )gl m =

for all (I, m) e Z2. For the relation with the original sine-Gordon partial

differential equation, see [11].

A generalization of the mapping (2.1) is done by generalizing the two

matrices:

arp —0V 1 m
Vl+l,m

hor
A=l g K,
Vi,m Vi,m
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and
Vl m+1 1
Big —; —B
B3V, m+1 Bag

Then the compatibility condition leads to the following system of four
nonlinear equations:

By = Ba) 2 gk Vst mtVim — (0 — 0tg)Bap = 0,
(o = ag)B3pVis1, me1Vi,m — Br — By)asgk® =0,
BV, matVist, m = Viet, me1Vi, m)ap

+ 0BV 11, m 1V, me Vi, mVt,m = P20,
WBa(Vr Vst m = Viet,m+1Vi,m)qp

+ 0BV 1, a1V, maVist, Vi, m = B203 (2.2)

for all /, m € Z. In order for these four equations to be consistent with each

other, we need to impose some conditions on the parameters o ; and f3;,

j =1, 2,3, 4. One could immediately see that one of the conditions is

By —agBy = 0. (23)
If this holds, then the last two equations in (2.2) are consistent.
The first two equations can be written as:
((Bl ~Ba)ongk® (o —ag)op j{Vm,mﬂVz,mJ _o. @4
(o —ag)Bsp  (Br —Ba)osgk’ -1 ’
which immediately implies that the determinant of the matrix

4= ((Bl —Bg)ongk®  (ay —ay)Bap J
(o —ag)Bsp (B — Bg)tgk’
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is zero. Equation (2.4) also means that the vector

(Vl+1,m+1Vl,mJ
-1

is in the kernel of 4 for all values of ¥}, ,,,1 and V; ,,. The kernel of 4 is

either one-dimensional or two-dimensional linear space. In this paper, we
restrict ourselves to studying the situation where the kernel is two-
dimensional.

If ker(A) is a two-dimensional linear space, then

(B1 —B4)ay =0
(o) —0g)By =0
(0p —og)B3 =0
(B1 = Bs4)oz = 0.

Solutions for these equations can be computed easily. Each solution then has
to satisfy (2.3). In this paper, we are only going to consider a solution which
has the largest number of parameters, i.e.,

(U" B) = (0(.1, g, A3, A, Bla BZ’ B3’ Bl)

As a consequence, the Lax matrices become

arp =0V m
P]l,l?nr = o k2 Vl+l,m
7 YV m
and
l,m+1 1
Blg — B>
Vi,m K%V
By = ’ b (2.5)
’ Vl+1,m

—B3Vi.m+e1 B 7

We conclude that the mappings generalized discrete sine-Gordon

equation is a member of the three-parameters family of mappings, i.e.,
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OV, meViet,m = Viet, metVi,m) + 02Vt me Vi metVist, mVi,m = 035 (2.6)
where 0; = o B;pg, 0, = a,B3 and 65 =B,a3. Without loss of generality,

1
we can choose oy = rx o, =1, and a3 =1.

3. Reduction to Ordinary Difference Equation

Let us now turn our attention to the traveling wave solutions of (2.6)

which are obtained by setting
Viom =Vy, where n = zjl + zoym, (3.1)

with z; and z, being relatively prime integers. We substitute this into

equations (2.6) to derive
61(Vn+22Vn+zl - Vn+zl+zz Vn) + 62Vn+zl+zz Vn+zz Vn+zl Vn = 63- (3-2)
In particular, for n = 0 we have:

1% _ 93 - Glel sz
AR V(0.7 V., — 1)

Let us consider the space: R”1 7?2 with coordinate:
T
(Vzl+22—1’ Vzl+22—2’ oo VO) >

and a vector field that maps: (V42,1 V2 42,-25 - Vo )Y to

0, — 0V, V. r
3 Ualn oy VeV
Vo0, V2, —6y)" 722

Then we can define a discrete dynamical system on R 22, by considering

the iteration:
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7 _ 9 91 V2,
At sl Ty 0,7, 7, —61)
I7zl+22—2 = Vzl+z2—1a
(3.3)
n="r,
o =",

where the overline denotes the new state of the iteration.

Two explicit formulas for the integrals of (3.3). An integral for the

discrete dynamical system (3.3) is the function: H : R*1%?2 — R*17%2 that

satisfies:

H(Vzl-b-zz—l’ Vzl+22—2"' VO) H( z1+2p-1, Vzl+22 25 VO)ZO'

The following are two explicit formulas for the integrals of system (3.3).

These two integrals are derived from the conservation law.

Theorem 3.1. For all zy and z,, the function

zp-1 V' z1-1 1
1+
—912( 1+J _j Z(ezv 22+J+93VV J (3.4)

ZI+J =0 Jin+j

is an integral for the system (3.3).

Proof. Let
zp—1 72 z1—-1 1
—912[ ]—Z[GZVJ-V22+J-+93W}
f 1+/ - . .

and we write V1+Z2 _1 = f. Then
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— V. V.
Hg_ngel(f __Ej

v, f Ty V.

1 1
=0, (V. f =V, o) - 93(ﬁ 7 J
21 )

By solving H. g — Hy =0 for f; we found that one of the solutions is

03 — 0,/ V.
Vo0V, —6p)

This completes the proof. O

Let z; = m and z, = n, where m and n are relatively prime. Then (3.3)

defines a dynamical system on R"”*” with integral
f m—1 1
=0 mil oy S| 0,V V,, : +6
IZ{ m+] Jgo 2V iV n+j 3VVn+/

Let us now consider the case where z; =n and zy = m. Then (3.3)

defines a dynamical system on R™*” which is the same as the case where

zy =m and z, = n (since the system is invariant under interchanging of

V;, and V). The new dynamical system has integral

V' n—l 1
—e ”*f +—]— (e VV, .. +0 —J

As a consequence of this, we have the following corollary.

Corollary 3.2. For all zy and z,, the function

z1—-1 zp-1
atio, i | . N S
=0, Z( + ij > (ezV]VZW + 05 7 J (3.5)

j=0 21+

is an integral for the system (3.3).
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4. Dynamics of the Ordinary Difference Equations

for z; =1 and z, =1

Let us consider the case where z; =1 and z, =1. For this case, the

mapping (3.3) is two-dimensional, i.e.,

2
7o (65 —6/1°)
1= 2

Vo(02017 - 6;)
o =N

with integral: (see (A.2) in Appendix A). We denote
-[)-[n)
y) W
and by 0 the parameter vector in R’ : (01, 05, 03). Then the two-

dimensional mapping is:

¢ = £o(0), (4.1)
where
fo 1 R? 5> R?,
93 — 61)62
o (i)

The integral (see (A.2) in Appendix A) is rewritten as the function:
X 1
F(x, y) = 6, (} + %) - (em + 05 EJ 4.2)
For all n € N, the solution y,, of the system (4.1) is contained in a level set
of F(x, y).

Since

F(x’ y) = F(y’ x) and F(x, y) = F(_y’ _x)’
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the level sets are symmetric with respect to the lines y = x and y = —x.

Furthermore,

F(_xa _y) = F(x’ )/), F(_xa y) = _F(xa y) and F(x’ _y) = —F(x, y)'
Thus, the level sets of F' are symmetric with respect to x =0, y = 0 and
(0, 0).

Let us assume that 0, # 0. Then we can write 0; = pf, and 65 = A0,
and then divide out 0, from F. By doing this, the parameter-space is reduced

to R2. Thus, if 6, # 0, then the integral can be written as:
LF(x y)=u£+l - xy+ki. 4.3)
6, " v X

Let us consider the case where A > 0. Then we can write A = &~

(with & > 0), and then re-scale the variables by x> dx, and y > 8y. Then
by rewriting p = SZH and F| = SZE, we have

1 553 (o)
—Fx, y)x y)=—F|=+=|-|xw+—|
0,57 (x, »)(x, ») o (i Y+

If A <0, then we write A = ~5* and do the same re-scaling as above. We

conclude that we need to consider only A = —1, 0 or 1 in (4.3).

If 8, =0, then we assume that 6; # 0. Similar to the previous case, we
can rewrite the integral as

1 _(x r) L
elF(x,y)—(erxj-kay,

with « = 05/6;. Again, we need only to consider the situation where

k = —1, 0 or 1. Lastly, if 6; = 0, then

1

1
6_3F(x, y)_ xy
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The normal forms. We conclude that the level sets of the integral

F(x, y) for all values of the parameters are completely determined by the

level sets of the following seven functions:

F(x, y) = u(g + %} - (xy + %) (4.4)
F(x, y) = HG + %) — XV, (4.5)
S O N B
Fy(x, y) = %%%, 7
Fy(x, ) = % T (4.8)
Fi(x, y) =§+%—xiy (4.9)
and
@@wzé. (4.10)

The level sets of F. Let us consider the situation where: 0; =p,
0, = 03 = 1. The dynamics of mapping (4.1) is contained in the level sets of

the function Fj. Recall that the level sets are symmetric with respect to:
y=x,y=-x,x=0,y=0 and (0, 0).

Writing: L(x) = F{(x, x), and then solving: L'(x) =0 for x gives us
x =1 or x = —1. Thus, the critical points of /| on the line y = x are: (I, 1)
and (-1, -1). Similarly, we found another two critical points on the line
y = —x which are: (-1, 1) and (1, —1). This is true for all values of p e R.
It is easy to check using (4.1) for 6; = p, 6, =1 and 03 = 1, that the points
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(I 1) and (-1, 1) are fixed points, while (-1, 1) and (I, —1) are period-2
points.

Note that, since:

2 2 2
+ () -1
F(x, y)= 1 uyxy(y)

b

for u > 0 we have four other special points, namely:

—,0,|—F,0[,10,—|and | 0, —=|.
I IO o
At these points, both the numerator and the denominator of Fj (presented as

the above written rational function) are zero. These points are the intersection

points between level sets of F{. They are called the base points. It is

interesting to note that, as p — 0", then the nontrivial base points go to

infinity along the axis at where the base point is located.

In Figure 1, we have plotted a few of the level sets of the functions 7,
for various values of the parameter p. In the first row, there are three
diagrams that correspond to the situation where pn = 4, 1, and % (from left

to right, respectively). In the second row, we have presented the diagram for

the situation where p = 0. Note that this corresponds to the situation where

the four base points have reached infinity. In the third row, we have plotted
three diagrams that correspond to the situation where p = —4, —1, and 1 ,

from left to right, respectively. When p < 0, apart from the base points

disappearing at infinity, the critical points are all elliptic.
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Figure 1. In this figure, we have plotted some level sets of the function

Fi, k=1,.. 7, for various values of p. The diagrams in the first row are

the level sets of /] for p = %, 0, and —%, from left to right, respectively.

The diagrams in the second row are the level sets of F, for p =1, 0, and

—1, from left to right, respectively. Lastly, the diagrams in the third row are

of F3 for p=2,0 and —%. The diagrams in the fourth row are the level
sets of Fy, F5, Fg, and F5, respectively.

Bifurcations. When p varies from positive to negative, the critical points
of Fj, change from a saddle type to an elliptic type. A known mechanism in

the literature, for integrable systems, is through a Saddle-Center bifurcation,
where one saddle point becomes degenerate, and breaks into three critical
points: two saddles and one elliptic (or also known as center) point. In the

case of Fj, the mechanism is different.
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Let us concentrate on the domain where x > 0 and y > 0; the critical
point of £} is located at (1, 1). In Figure 2, we have plotted three diagrams
containing the level sets of Ff for n=025 p=0 and p=-0.25,
respectively. For pn = 0.25, the critical point of /] is of saddle type (see the
thickened curve in the most left diagram in Figure 2). As p approaches 0,

the stable and unstable manifolds collapse into each other to form a manifold
of critical points:

C ={(x, y)|x2y? = 1},

which is exactly the level set: F(x, y) = F(1, 1). The diagram in the middle
of Figure 2 corresponds to the situation where p = 0. The thickened curve
on that diagram is the previously mentioned manifold of critical points C.
Consider k not equal but closed to Fj(1, 1). Then the level set Fi(x, y) = k

consists of two leaves which are separated by the manifold of critical point
C. These two leaves of level set become connected into one closed curve as

u becomes negative. See Figure 2:

Figure 2. The bifurcation (or change of stability) of the critical point of F

as p passes 0.

The level sets of I, and F;. Consider the integral function F,. This
function has no critical point nor base points. Each level set of the function
F, has four leaves of curve; see the thickened curve in the first diagram of

the left of the second row of diagrams in Figure 1. Let us fix our attention on
this level set which is plotted using thickened line. This is the level set:
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F>(x, y) = 0. As u approaches zero, the level set F5(x, y) = 0 approaches
the x- and y-axes. As p becomes negative, the level sets of F, are all
bounded.

The situation for the level sets of F5 is similar with those of F, apart
from the fact that the zero level set for u = 0 is the curve defined by

Another difference is, as p becomes negative, we have four base points
coming from infinity through the axis. These base points approach the origin
as p — .

The level sets of F; for negative p are all bounded closed curve, that

intersect each other at the four base points. In Figure 1 in the third row, we

have plotted three diagrams containing the level sets of F3 for u =1, 0, and

—1, respectively. The thickened curve is again the zero level set of Fj.

The level sets of Fy, Fs, Fg, and F;. The diagrams in the fourth row of
Figure 1 are the level sets of Fy, Fs, Fy, and F5. We like to note that the

F5 can be seen as the limit of p — o of ﬁFk’ k=1 2,3.

5. Dynamics of the Ordinary Difference Equations

for zy =1 and z, =2

Let us consider the case where z; =1 and z, = 2. For this case, the

mapping (3.3) is three-dimensional:

— (65 - 6,117,)

V, = ,

S A CNZAZ

I71 = VZ’

=", (5.1)

with integrals: (A.3) and (A.4) in Appendix A.
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This three-dimensional map can be reduced to two-dimensional by

-6

Similar reduction can be done for the case of even number z,. Furthermore,

defining: { as

let us write @ = (0, 65, 03). Let us consider a two-dimensional mapping,
defined by:

Cn+1 = gﬁ(@n)? (5.2)
where
g0 : R? > R,
(03 = 61x)x
00 (G by )

Consequently, the integral (A.3) can be written as:

X 1 1
G(x, y) = 61(; + %) — 62(x + y) — 63(; + ;),

while (A.4) can be written as:

2 2 2
X V- V- X 2 X
Hg(x,y,Vz)Zel T+2—2)}+72+—2]—92V2%—93 >
by x £ 'y

Thus, the solution of (5.2) is contained in a level set of G(x, y), and
by considering a level set of H g(x, v, V), we can reconstruct the full
dynamics of (5.1). A similar technique as in the previous section can be
applied to derive the seven functions that contain the dynamics of (5.2) for
all values of the parameters.

The normal forms. The level sets of the integral G(x, y) for all values

of the parameters are completely determined by the level sets of the
following seven functions:

Gilv ) = b2+ 2 )=o) -(L 41, (5.3)
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Gt =452t e (1) »

Ga(x. y) =h[ £+ 2 ) (x4 3). 55

o= (2 2)-(2+3)

ot-(52)- (11

ol ) =242 58)
and

e =(1+1) 5

The level sets of Gy, Gy and Gj. In contrast with the level sets of #,
the level sets of the function G; for various values of p are more complex.

Note that, since:

Gy =2+ L)) -(1 4 1)

the level sets of Gy for pu < 0 is the same as for p > 0 but reflected with
respect to: (0, 0). The same holds for G, and Gj.

Let us first look at the neighborhood of p =1. We define the following
critical level sets:

e C11 : Gi(x, y) = G(1, 1), plotted using the dashed line curve,

e C_j1:Gi(x, y) = Gi(-1, 1), plotted using the dashed and dotted line
curves, and

e C_j_; : Gi(x, y) = Gi(~1, —1), plotted using the solid line curve.
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In Figure 3, we have plotted nine diagrams that illustrate the level sets of

Gy; the values of p for the diagrams in each column (from left to right) are
for p =1.1, 1, and 0.9. From the diagrams in the first row, we can see the
evolution of the critical level set: Cy 1, while in the second row: C_; ;. As
p varies from 1.1 to 0.9, the critical level sets C;; and C_;j | coalesce at
p =1 and break up again. There is neither change of stability nor the
location of the critical points of the function Gj, but the positions of base

points are a bit shifted.

'

T

___..._7L__..__ —_———
7
P
7
7

Figure 3. In this figure, we plotted the bifurcations of the critical level sets of
the function Gy, for p in the neighborhood of 1. The diagrams in the first

row are the graphs of C; | for p =1.1, 1.0, and 0.9 (respectively, from left to
right). The diagrams in the second row are the graphs of C_;;, while the

diagrams in the third row are the graphs of various level sets of G;.
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It is interesting to note that the critical point (1, 1) is of saddle type.
Moreover, for p = 1.1, its stable and unstable manifolds are connected in a

homoclinic loop. However, this homoclinic loop also contains two base
points which are located in the positive part of the x-axis, and y-axis (see the
upper left diagram in Figure 3). For the same value of p, the critical points

(-1,1) and (1, -1) are connected with each other in a heteroclinic cycle.

Note that this connection also contains the previously mentioned base points

(see the middle left diagram in Figure 3). At pu = 1, the three critical points
are connected in a heteroclinic loop, as the level sets C;; and C_j

coalesce. For pu = 0.9, all of these connections disappear. A detailed study

on the dynamics of (5.2) will be a subject of investigation in the future.
Interesting question such as the time behavior of solution on the level set

Cy,1 forms a homoclinic loop.

%, the critical point at (1, 1) changes its

stability. As p varies from 0.505 to 0.495, the critical point (1, 1) changes

In the neighborhood of u =

from a saddle type critical point to an elliptic critical point, through the usual
period-doubling bifurcation, where another two saddle type critical points are
created.

Figure 4. The period-doubling bifurcation of the critical point of Gj in the
neighborhood of p = 0.5. The values of p are 0.505 (the diagram on the
left) and 0.495 (the diagram on the right), respectively.
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The level sets of G, and G3 for p > 0 are plotted in the five diagrams

in Figure 5. There is no interesting bifurcation to note in this situation. The

diagrams in the first row of Figure 5 are the level sets of G, for p = 2, 0.4,
and 0, respectively. In the two diagrams in the second row, we plotted the
level sets of G3 for p =2 and 0. As pu — 0", the critical points and the

base points go to infinity.

3

AN

Figure 5. In this figure, the level sets of G, and Gj are presented. The three
diagrams in the first row are for G, with p =2, 0.4, and 0 (from left to
right). The second row is for Gz with p = 0.5 and 0.

The level sets of Gy, G5, Gg and Gy. Using a similar argument as for
G], G2 and G3, i.e.,
X y 1 1
Gs(-x, -0 =2+ 2]~ (L4 L) = Gy ),

y X Xy

we conclude that the level sets of G5 are the same with G4 but reflected
with respect to (0, 0). The graph of some level sets of G4 is plotted in the

first diagram in Figure 6.
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The function Gg is the same with the function F5. Thus, we refer to the
second diagram in the fourth row in Figure 1 for the level sets of Gg. The

level sets of G are presented as the second diagram in Figure 6:

3: T\

Figure 6. In this figure, we have plotted the level sets of G4 and G5, for left
and right, respectively.

6. Concluding Remarks

As is indicated in the previous section, there are still some aspects which
have not been analyzed regarding dynamics of the system (4.1) or (5.2). We
know that the system has an integral and that solutions are confined in a level
set of that integral function. However, the integral function has singularities
at where level sets for different values intersect. It is interesting to study the
behavior of solutions in the neighborhood of these singular points.

For example, consider a solution §, which starts at a particular point
(x0, o) on alevel set F(x, y) = Cy. After N iterations, the solution arrives
at one particular singular point.

How can we modify the system such that the solution can get out of that
singular point and go to the n + 1 iteration. If the system cannot be modified
as such, then it means that every point in {&j, ..., &y} is eventually singular.

Generally speaking, it is very well possible that these eventually singular

points are dense subset of the level set F(x, y) = Cj.
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During the numerical experiments, we have done so far, we have
observed some degenerate situation. For example, for system (5.2), we have
found a manifold in the parameter space at where all solutions of the system
are period-6. A description of a complete unfolding of this situation is
instructive.

Appendix A. Computation of Explicit Formulas for the Integrals
Using the Staircase Method

For a general setting of the staircase method, see [10, 7]. To illustrate the
staircase method for periodic reduction of a generalized AA -sine-Gordon
equation (2.6), let us consider the situation for z; = 3 and z, = 7. Equation

(3.3) for this case becomes:

7= 03 — 6,137
A CNAZE D,
Vs = Vs,
(A.1)
Vi =73,
o =N

For simplicity of the notation, we denote z =(zj, z,)! and (I, m)-z
= Iz + mz,.

Let us start at an arbitrary point on a two-dimensional lattice at where we
have labelled that point as (0, 0). Note that by using the formula in (3.1), we
have Vg o = ¥0,0).z = Vo- Then going to the right direction on the lattice
is the point labeled by (1, 0), which corresponds to: ¥y ¢).; = V3. We carry
on going to the right direction on the lattice (twice the step) to have:

V(2,0)z = Ve, and V(3 ¢).; = Vy. If we go further to the right, then

(4,0)-z=12>3+7 =10.
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Instead, we go downward one step on the lattice to have: V(3 _y).; = V.
From this point, we can take two steps to the right to have: V4 1y, = Vs
and V(s _y).; = V3. From this point, by the same argument as before, we go
downward instead of going to the right on the lattice to have: V(s _3).; = V].
Taking another two steps to the right, we have: Vg 5)., =V4 and
V7,-2)yz = V7 Lastly, by going downward, we get back V}. See Figure 7
for a graphical illustration. The monodromy matrix is computed as:

vert hor hor vert hor hor Vert hor hor Phor
()R S (P Y BT PO (P )

This monodromy matrix is constructed by following the staircase illustrated

in Figure 7:

Figure 7. For the case where z; =3 and z, = 7.

The entries of the Lax matrices (2.5) depend on the parameter k2. Then,

in general, the trace of the monodromy matrix can be written as:
2j
D ok,
jed
where J is a finite subset of Z. As a consequence, H, j.J € J, are the

integrals of (3.3).
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Let us now present some explicit formulas for the integrals of the

mapping (3.3), for the case where z; =1 and various choices of z,. In these
cases, the integrals of the mapping are linear in the parameters: 6, 0,, and

05.
The case where z, = 1. The mapping (3.3) has integral:

"y " 1
Hy = 91(7(1) + 7:)) - ezVon - 93 TVO (A.2)

Clearly, in this case, the integral H, in (3.4) and the integral K, in

(3.5) are the same.

The case where z, = 2. The mapping (3.3) has integral:

o VW, 1 1
Hy = GI(VEJFV(ZJ —62(V0V1 + Vle)—eig(m-f-m) (A3)

This integral is the same with K g Thus, in this case, we have another

integral whichis H,, ie.:

ol N " oh 1
Hg—el(V—0+7l+71+V—2 - 92V0V2+93m . (A4)

The case where z, = 3. In this case, the mapping (3.3) is defined on

R*. Computing the trace of the monodromy matrix gives us two integrals,

1e.,

v ¥ 1 1 1
Hy = 91(72+7(3)j = 0,(Vh + NV +Val3) = 93(1/01/1 A VZVJ

and

N L L T B R I _ 8
Hz_el(Vl+V2+V3+V0+V1+V2 0,V Vol

One can see that H, = H, while K, = H,.
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The case where z, = 4. For z, = 4, the mapping is defined on R°.

There exist two integrals:

HO = 61(% + %) - 62(V0V1 + Vle + V2V3 + V3V4)

PR N U B
Vo n T Tl Vil

and

B Wls i  Vaih | Vah
’ Vah ’ 214 i Vs ! L1 ! ohs

V. Vil
- GQ(VOT;‘V} + VOV3 + VOV—;"I + V4Vlj

-0 V2 + L + V2 + 1
N\ Vv T Vols T VolaVs T Val )
Just as in the case where z, = 2, none of the integrals above is the same

with Hg.

The case where z, = 5. For z; =5, (3.3) is a mapping on R® which

has three integrals. The first one is
4

_aflVo [ V5
HO_GI(VS +V0j Z:;)
J:

1

0V Vi +03———|
[ 2 J ]+1 3 VjVj+1j

The second integral can be written as:
Hy = 0;H) — 0,H} — 03H3,
with

W Va Vs b N Vs Wl Wa Vi

A P A AR N A AR

Hj =
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Wa WV ValiVo  VoVa  Vas | 1Ol
A A A A R AT

Vsh  Vshhh Vs | Vsh | Vsh
Vs Vsl Vol Vil | Vs

VsValo  VoVsh | VaVslo

H3 =Vl + VsVy + Valy +

Vs rs V
LV Vs Vahh | Volshah
V3 V3 23 L1
and
S | 1 ViV,

2Z Vs T T Vs T Vs,

P T N £ S £ S £ S §
VoVshi — ValiVo Vsl VsValy Vsl Vsl

Lastly, the third integral is

W . i n Vs nh n Vg 7
Hy=0|-2+3 424 34 Ly 5,721 ,°4,°4
! 91( W V1 Vs Wy Vo N Vo V3 Vs

63
This last integral Hy is equal to H, for z; =1 and z; = 5.

The case where z, = 6. For z, = 6, the mapping is seven-dimensional

with three integrals. The first integral is
5

Vi V,
=052+ 38)- 3

1
(eszVj_H + 63 VJTJ
Jj=0

j+l

The second integral can be written as:
Hy = 0,H) — 0,H3 — 03H3,

where
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_ Vs
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n
Vs
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VoVs

|
g o Vels
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VoVs

Ve
Vs

Vel
Vs,

Ve
V3

£10)
Vel

ALY

Ve
%%+

18
oV3 "

Vel

VoV
VeV>

ViV,
Veh

VeV
VoVs

VoVs
V3

VoVs
Vs

N V4V

V4V
Veh ’

VoVs

Vs
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VeVl
VoVsVs

VeV3Va
VoVsV,

AL
VeV

VeVl
Vi

VoVsVa
VeV

oVsVa
VeV3Vy '

_Vshan | Volsha

Whsh  Vshh | VeVsh
3 V>

3 3 3

H3 +VsVy + Valy +

Valsho | VoVeVsh | VoVeVsh | VeVsVa | VeVsVal
A T 7 A L T A
%%W+%%ﬂ+%%%+%%WW+%WW+%%%,

BRI 7 7, Vs 7, 7

s s Vs

= + + L)
S VoA Vs Vbl

. Vs 1
VeVshVo

3
H +
2 VeVsha — Vels

v 1 v,

+ + + VaVs
Vshhhh = Wbz Velah

+ ! V2
VeVshah

VolsVa  VoleVs

VaVs

Va

V3V, 1

1

Va

VI " VeV VolsVah

£

£

Vs TV Vi

A AT

Vahi
Vsh,

Vs
Vahi

VsVy
VeVs

o
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Vos  Vels Ve  Vel3 Vel . Vol
VeV~ VsVa  Vsby Vsl Vols  Val

Vsl Vo Vi Vil Vil VoV 1
" VeVs i %) " Vs " Vah i Vals i 24 i Va

%%%)

VoVeVs | YoVeVs | Vel1Vo
V2

V4 V4 V2 + V()VS +

— 62(V6Vl +

B Vo Va Va1 1
S\VoVeVs ~ VoVels — VoVels  VoVs Vi VhiVo )

Again, in this case, none of the integrals above is the same with H g
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