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Abstract
We introduce and study the notion of a sub-exact sequence.

1. Introduction

fo oz
Let Rbe aringand let 4 — B — C be an exact sequence of R-modules,

Le.,

Imf = Kerg(= g~'(0)).

Davvaz and Parnian-Garamaleky [1] introduced the concept of quasi-exact

sequences by replacing the submodule 0 by a submodule U < C. A sequence
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£
of R-modules nd R-homomorphisms 4 — B — C is quasi-exact at B or

U-exact at B if there exists a submodule U in C such that /m f = ;a(b" ).

Anvariyeh and Davvaz [2] proved further results about quasi-exact
sequences and introduced a generalimon of Schanuel lemma. Moreover,
they obtained some relationships between quasi-exact sequences and

superfluous (or ESﬁtial) submodules.

Furthermore, Davvaz and Shabani—Sol@] introduced a generalization of
some notions in the homological algebra. They gave a generalization of the
Lambek lemma, Snake lemma, connecting homomorphism and exact triangle
andgey established new basic properties of the U-homological algebra. In
[4], Anvariyeh and Davvaz studied U-split sequences and established several

In this paper, we introduce a new notion of an exact sequence which is

connections between U-split sequences and projective modules.

called a Sub—exaasequence A sub-exact sequencs a generalization of an
exact sequence. Let K, L, M be R-modules and X be a submodule of L. The
triple (K, L, M) is said to be X-sub-exact at L if there is a homomorphism

making K —» X — M exact at X. We collect all submodules X of L
such that the triple (K, L, M) is X-sub-exact at L, which we denote by
o(K, L, M). In this paper, we investigate whether o(K, L, M) is closed
under submodules, products and extensions. Moreover, we provide necessary

condition for o(K, L, M) so that it has a maximal element.

2. Main Result

Definition. Let K, L, M be R-modules and X be a submodule of L.
Then the triple (K, L, M) iwid to be X-sub-exact at L if there exist

R-homomorphisms f and g such that the sequence of R-modules and

R-homomorphisms

is exact.
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Example 2.1. Let K =4Z, L=7Z and M = Z/4Z be Z-modules.
Then the triple (4Z, Z, Z/4Z) is 4Z -sub-exact at Z since there are the

identity 7:4Z — 4Z and canonical homomorphism (projection) m:4Z

i L
— Z/4Z such that the sequence 47 — 47 — Z/47Z is exact at 47Z.

Now, we give an example where the sequence K — L — M is not

exact, but the triple (K, L, M) is X-sub-exact, for some submodule X of L.

Example 2.2. Let K =Z,, L=7Z, @ Z; and M =0 be Z-modules.
Then the triple (Z,, Zy ® Z;, 0) is Z, -sub-exact at Z, ® Z; since for the
homomorphism i :Zy — Z, @ Z3, given by i(a) =(a,0), forevery aeZ,,

the sequence
i
Z_‘Z e d Z.’Z 53] Z3 =0

is sub-exact at Z, @ Zs.

But, we cannot define an epimorphism p from Z, to Z, @ Zs.

Remark 2.3. Since the sequence K — {0} - M is exact, the triple
(K, L, M) is {0}-sub-exact for any R-modules K, L, M.

Remark 2.4. Let K be an R-modul

(a) Since there are the identity i : K — K and zero homomorphism

0: K —» K such that the sequence K —!> K —9> K 1is exact at K, the triple
(K, K, K) is K-sub-exact at K.
i 8]
(b) Since the identity i : K — K is surjective, the sequence K > K —0
is exact at K. So, the triple (K, K, 0) is K-sub-exact at K,

(c) Let V" be a direct summand of K. We can define an epimorphism

P
p: K=V@&V' -V such that the sequence K — V' — 0 1is exact at V.
Hence, the triple (K, K, 0) is V-sub-exact at K.
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(d) Let U be a submodule of K. Then the triple (U, K, K/U) is K-sub-

exact and U—sul}exzﬁat K.
30

(e) The triples (K, 0, K) and (0, 0, K) are 0-sub-exact at 0.
(f) The triple (0, 0, K) is F-sub-exact at K, for every submodule V' of K

I
since there is the inclusion  : ¥ — K such that the sequence 0 > V' — K

1s exact at V.
Let K, L, M be R-modules. We define
7

oK, L, M)=1{X < L|(K, L, M) X -sub-exact at L}.

Then o(K, L, M) # J since 0 € o(K, L, M).

Proposition 2.5. Let K;, L;, M;, i =12 be families of R-modules. If
X e oKy, L, M) and X5 € 6(K5, Ly, M5), then X| x X5 € oK x
Kz., Ll x 1{2, M[ XMQ)A

Proof. Since X € o(K|, L1, M) and X, € (K>, Lp, M,), there are

A
R-homomorphisms f], g, f» and g» such that the sequences K| — X

g1 S £
— M, and K, - X, — M, are exact. We define:

f:KlXKz—)XlXXz,
where f((k1, k2)) = (f1(ky). f2(k2)), for every (k. ky) € K} x K» and
g:XIXX2 —)MIXMQ,

where g((x1, x2)) = (g1(x1), g2(x2)), forevery (x, x2) € Xj x X5. So, the

sequence
J g
K|XK2—>X|XX2—>M|XM2

is exact. Therefore, X| x X, € o(K| x Ky, Ly x Ly, M| x M,). O
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As a corollary, for any index set A, we obtain:

Corollary 2.6. Let K;, L,, M, be families of R-modules and X, be a
submodule of L, , for every heA. If X; eo(K;, L, M;), for every
L€ A, then I1; (A X; € oIl A Ky, T a Ly, Ty A M)

Proof. We define

S = e fn : My eaKy = Thea Xy
and

g =gy t Thea X = T A M.

. g
Hence, the sequence I1, .z K; — I1; o L;, — [1, oo M;, is exact.

Therefore, IT; .5 X3 € oIy AK;, Tl cp Ly, TT) A M) .

rES
Incase K = 0, we have the following properties:

Proposition 2.7. Let L, M be two R-modules and X, X, be submodules
of L.If X, X5 € (0, L, M), then X; N X, € o0, L, M).

Proof. Since X|, X, € o(0, L, M), there are R-homomorphisms f;

A f
and f> such that the sequences: 0 —» X; - M and 0 — Xy > M are

exact. So, f; and f> are monomorphisms. We define f = f||XlnX’A

Hence, fis a monomorphism. So, the sequence 0 — X [ X» —> M is exact.

Therefore, X N X5 € o(0, L, M). O

és a corollary, we obtain:
Corollary 2.8. Let L, M be two R-modules and X, be a submodule of L,
Jor every he A. If X; €(0,L, M), for every L € A, then ﬂhe;\ X; €

(0, L, M).
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Proof. We define f : ﬂ X; = M, where [ = f”'ﬂl-g\Xk' for

heh

some p € A. Hence, by Proposition 2.7, the sequence

0> ﬂX;,biM

heA

is exact. Therefore, ﬂ} A X € o(0, L, M). O

Following example shows that if X| € o(K, L, M) and X, — X, then
X, does not necessarily belong to o(K, L, M).

Example 2.9. Let @ be a Z -module. Since there is the identity i : Q)

I
— @, where i(a) =a, for every a € @, the sequence Q - Q@ — 0 is
exact. Hence, @ € o((Q, @@, 0). But, we already know that the only Z-

module homomorphism from ) to Z is zero homomorphism, then there is

S
no homomorphism f such that the sequence () - Z — 0. Hence, Z ¢
o(@Q, Q. 0).

Proposition 2.10. Let K, L, M be R-modules and X, X, be submodules
of L, where X, < X|. If X; € o(K, L, M) and X, is a direct summand of
X\, then X5 e o(K, L, M).

Proof. Since X| € o(K, L, M), there are R-homomorphisms f] and g,

such that the sequence

h g
K—>X —-M

is exact.
Since X, is a direct summand of X, thereﬁsts X5 a submodule of

X, such that X; = X, @ X5. Hence, forevery x; € X|, x| = x; + x3, for

some x, € X, and x3 € X3. Then we define R-homomorphism
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p:Xl =X2 ®X3—>X2.,
where p(x)) = p(xs +x3) = x7 € X>.

So, we construct a homomorphism f : K — X,, where f = po f.

We can see this in the following commutative diagram:

fi g
X = X;PX; —— X,

g1

M
Now, let g = g lx,  We will show that Ker g = Imf.

(a) Let x € Kerg a){} Then g(x) = gy(x)=0. Hence, x e ﬁgr
Since Imf; = Kerg;, there is k € K such that fj(k)= x. Then f(k)=

(po /1)) = p(fy(K)) = p(x) = x. Thisimplies, Ker g C Imf.
(b)Let x € Imf < X,. Wehave k € K suchthat f(k) = x. Then x =

flk)=(pe f1)(k)= fi(k). Hence, x € Imf; = Kerg,. Therefore, g,(x)=0.
Since x € X5, g(x)= g1(x) = 0. Sothat x € Ker g. Hence, Im [ < Kerg.

S g
We conclude that {mf = Kerg. So, the sequence K — Xy = M is

exact. Therefore, X, € o(K, L, M). O

As a corollary ofPropésition 2.10, we obtain:

Corollary 2.1“ Let K, L, M be R-modules and L be a semisimple R-
module. If L € o(K, L, M), then X €o(K, L, M), for any submodule X
of L.
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Proof. Let X be any samodule of L. Since L is a semisimple module, X
is complemented. Hence, there is a submodule X' of L such that X ® X'
=L. Since L € o(K, L, M), by Proposition 2.10, X € o(K, L, M). O

Proposition 2.12. If there are R-homomorphisms [ and g such that
foog

the sequence K —> L — M is exact, then L is the maximal element in

oK, L, M), ie., forevery C eo(K, L, M), if H = C, then H = C.
Proof. It is obvious. O

This example illustrates Proposition 2.12.

Example 2.13. Let 8Z, 7 be Z-modules. We define [ :8Z — Z,

where f(8a)=a, for every 8a € 8Z, and g : Z — 0 is zero homomorphism.

f g
We have the exact sequence 8Z — Z — 0. Hence, Z € o(8Z, Z, 0). So, Z

is the maximal element of &(8Z, Z, 0).

This proposition shows the relation between maximal submodule of L

and maximal element of o(K, L, M).

Proposition 2.14. Let K, L, M be R-modules. We assume that L ¢
oK, L, g ). Consider the following assertions:

(1) There exists a maximal submodule H — L such that H e
olK, L, M).

(2) There exists H € o(K, L, M) such that H is the maximal element in

o(K, L, M) (i.e, forevery Ceo(K, L, M), if H = C, then H = C).
Then (1) = (2).

Prmﬁxt H be a maximal submodule of L. Assume that H
olK, L, M). Siﬁ H is a maximal submodule of L, for every C e
o(K, L, M), if H < C, then H = C. Hence, H is the maximal element in

o(K, L, M). 0
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But, the converse is not always true. For example, let K = M =0 and
L =7Zg be Z-modules. We get o(0, Zg, 0) ={0}. So, 0= Zg is the
maximal element in o(0, Zg, 0). But, 0 is not a maximal submodule of Zg.

The properties of Noetherian module are in [5]. M 1s Noetherian if and

only if every non-empty set of (finitely generated) submodules of M has a
maximal element.

Proposition Zﬁ. Let K, L, M be R-modules and L be Noetherian. If
U e oK, L, M), then there is a maximal element Win o(K, L, M) which

Proof. Let U € o(K, L, M). If U is a maximal element in o(k, L, M),

then it is clear.

contains U,

If not, let

UcU' cU"c

ﬁ an ascending chain of submodules of a module L in o(X, L, M). Since
L is Noetherian, there is a maximal element /¥ € o(K, L, M) which contains

U. O
Let M be an R-module. A finite chain of submodules

0=MycM c--cM,=M, kelN (1)

1s called a normal series of M. A normal series (1) is a composition series of
ﬁfall factors M, /M, _; are simple modules. The number £ is said to be the
length of the normal series and the factor modulew[-/M[-_l, 1 <i<k are

called its factors [5]. So, any finitely generated semisimple module has a

finite length or equivalently, it is Noetherian. As a corollary of Proposition

Corollary 2.16. Let K, L, M be R—monfes and L be a finitely generated

semisimple module. If U € o(K, L, M), then there is a maximal element W

2.15, we obtain:

in o(K, L, M) which contains U.
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Proof. Let K, L, M be Rnodules and L be a finitely generated
semisimple module. Since any finitely generated semisimple module is

Noetherian, by Propoﬁtion 2.15, if Ueo(K,L, M), then there is a

maximal element W in o(K, L, M) which contains U. O

However, o(K, L, M) may have more than one maximal element.

Example 2.17. Let 4= {2ala € Zg} =10, 2,4} and B = {3a|a € Zg}
=10, 3} be Z-modules. If we take K =0, L=Zg and M = Ax B as
Z-modules, then oK, L, M )= {0, {0, 2, 4}, {lﬁ}} Since we cannot define
a monomorphism from Zg to M, Zg & oK, L, M). So, the maximal
elements of o(K, L, M) are {0, 2, 4} and {0, 3}. Furthermore, {0, 2, 4} is
not isomorphic to {0, 3}. So, we can conclude that two elements of

o(K, L, M) are not necessarily unique up to isomorphism.

3. Conclusion

Let K, L, M be R-modules. The collection of all submodules X of L such
that the triple (K, L, M) is X—sub—mct denoted by L(o(K, L, M)) is not
closed under submodules. But, if a submodule of L is a direct mmand of

any element of o(K, L, M), then this submodule is contained in o(K, L, M).
Therefore, if L iSﬁ:misimple and L € o(K, L, M), then any submodule of L
is contained in o(K, L, M). Moreover, o(K, L, M) is not closed under

extensions.

If there are R-module homomorphisms /" and g such that the sequence

19

K —> L—> M is exact, then o(K, L, M) has a maximal element. If not, then
the set o(K, L, M) has a maximal element if L is Noetherian. Furthermore,
o(K, L, M) may have more than one maximal element. But, any two

elements of o(K, L, M) are not necessarily unique up to isomorphism.
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