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Abstract

The integrability of traveling wave solution mappings can be obtained
as reductions of the discrete generalized AA modified Korteweg-de
Vries (AA-mKdV) equation. The properties of the integrable discrete
dynamical system can be examined through the level set of integral
function. In this paper, we show that the integral of a three-
dimensional traveling wave solution mapping derived from

generalized AA-mKdV equation can be made in the normal form.
1. Introduction

Discrete integrable systems can be classified into two main classes:
integrable ]m'al difference equations and integrable ordinary difference
equations. Integrable adinary difference equations are equivalent to
integrable mappings. By imposing a periodicity condition, not only
integrable lattice equations can be reduced to ordinary difference equations
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1

(or mappings/maps) [3, 6, 2, 1] but also there is a connection between the
two classes so that many integrableaps can be obtained from integrable
partial difference equations [5, 4,@ In this paper, we study the integrability
of the discrete generalized AA modified Korteweg-de Vries (AA-mKdV)

equation.

Consider the standard AA-mKdV equation on the 2D lattice (%?) defined

as [6]
q(l},m+]r}+l,m+l - I'}.,J'i'l'r:'+l,1'n') = P(I}+I,MII:’+I.}:J+[ - I},mr:’,m+l)~ (1)

where the 1" fields are defined on the lattice sides of the /, m e Z, which are

two discrete variablcs‘ﬁppose &; (k) denotes a vector containing a wave

function that depends on a spectral parameter k. The above equation can be
derived through the following mappings:
‘!+l m(k) ‘U,* maf m(k)s

1
‘." m+1(k) =—7 fre,:,r‘j::f m(k)

with
p _I"!+]‘m
hor 7
ML?:, = N kz p[lfﬂ,m]
I},m Vf,m
and
q _':",m+1
vert ?
M.’.m = kz “1m+1
— 95
I.m I.m

which are Lax pair matrices. These mappings are well defined when the
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following condition is satisfied:

("14 r:'i-‘ m‘!"‘{ for - M f(;::+ 1"14 e )E.u' .m = 0 (2)

I.m I.m

forall (I, m) e 72. This condition is known as compatibility condition.

Tuwankotta and Quispel [7] have made the derived discrete dynamic
system through the effort of multiplying the parameters on the Lax matrix
system. It is intended that the system’s integrity properties are always
maintained in examining more dynamics occurring from a discrete dynamic
system (see [7] and [8]). By the same procedure, the following shows the
attempt to elaborate (1).

Consider the following Lax pair matrices:

o p —0F 1 m

hor 7
PI, ::: kZ I'!+l,wr
=03 f'_ oy p 7
I.m I.m

Pq _B# m+l

and

-f =
ﬂ?c.r?:r = B k2 B qh,mﬂ - (3)
“P3 T 4 r
I'J’,m Lom

Based on compatibility condition, the following four nonlinear equations
will be obtained:




40 L. Zakaria, Notiragayu, A. Nuryaman and S. Suharsono

kz(aSBZ - aZBS )]r ’]+L 1+m =0

— k(o3P — otaP3) =0

pa]BQI}, mr:’,-‘+ﬂ.r - qaZB]r}, mr']+.f, m

+ qaZBf-lI f l+mV]+.’, l+m — PQ4BZI]+!. mV]+I. 1+m =0 (4)

- kz (15'0"l|3'.":r :’ ml -’ l+m — ‘3'0"3]3']r :’ mI 'l+.|’, m)

2 v r
-k (p(qOLBBIII A ]+1'ri'r 1+1, ]+m)

2 , .
—k*(poeaBsl et mV141.14m)) =0.

To be consistent with each other, the parameters o ; and f; with j =1, 2,

3. 4 in equation (4) must be consistent.
As a result, the first two equations are obtained
asPy —azfs = 0. 5)

In addition, from the last two equations in (4) obtained:
9(‘13[32 - azﬁS)(BlI ." mr’]+-’. m - ﬁflr}‘]+mr]+f. l+m) =0. ©)

From the relationship (5), equation (6) becomes consistent when o, = o3
and (3, = B3. Thus, the system with the Lax matrix (3) will be consistent if

oty = oz and By = By. For example,

(“'“ I')') = (U'ls Qgz, Ag, Oy, Blo B29 [323 Bd)

As a result, the generalized Lax matrices for the system (1) can be written as

p - 052][ }+l,;u'.I

P_;P:::’ = k2 Vism
TR\ | M|
I.m I.m
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and
E’lq - B2r:’ m+l
P{bf,:r = K2 Vi,me1
- Bz I B4 ]'
IL.m I.m

vert

By substituting /' ,,," and 7y, into compatibility condition (2), we get the

form of mappings derived from the generalized equation AA-mKdV which is
a part of the four-parameter family mapping:
e’II ." mI:’. m+l — BEI}H. mI }+1, m+l BBVL mI :"+1, m T 94’lm+11 :"+1, m¥l = 0

0

with 0) = By p. 05 = ayPyp. 03 = axByg and 04 = axfyq.

2. Main Result

A. The traveling wave solution of the generalized AA-mKdV equation

In 2016, Zakaria and Tuwankotta described a procedure to derive a two-
dimensional traveling wave solutig mapping of AA-sine Gordon equation
[8]. Using the same procedure, a two-dimensional traveling wave solution

mapping of AA-mKdV equation (7) can be obtained.
Consider the following discrete traveling wave solution relationship:

SN 4

or . where n =z + zom

with 2 and z, being relatively prime integers. Substituting these terms into
(7)., we obtain

IeIIM n+za 82 n+z| n+z1+22 B'i[n n+zj +841;1+Z2I;1+z1+22 =0. (8

Equation (8) is a form of the traveling wave solutioderived from the

generalized AA-mKdV equation. For the fixed values of z; and z;. equation
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(8) is a mapping of &2 — R¥%2 [t can be checked that equation (8) is
invariant for a transformation z; = -z, 0; > —0,, and z; © z;. In

addition, it also fulfills the periodic nature, namely (i + z5, j — z;).
Equation (8) 1s equivalent to the following mapping:

L Tald o)
a2l ST, S 057,

rt r
J j+z29=-2 = J Z1+2z9 -1

©)

Note that the mapping in [6] can be obtained from (9) by setting 6, = 0,
=pand 03 =04 =gq.

B. The integral normal form for a mapping derived from the generalized

AA-mKdYV equation: three-dimensional mapping case

Let ustake z; =1 and z; = 2. So from (9), the third order of difference

equation will be obtained as follows:
0V a2 = 02V pitVnss = 03V, V1 + 04V 42V 43 =0

which is equivalent to a three-dimensional mapping:

" Va(03V 42 = €1741)

"2 04 et — 02l 2)

Var1 = Va2,

Va =Vaar (10)
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We call equation (10) as three-dimensional mapping derived from
generalized AA-mKdV equation.

Consider equation (10). Then we denoted §, as the sequence in R?

which is defined as

and by 8 a parameter vector in R* : (0,, 0,, 05, 0,).

Therefore, we can express the mapping as the two-dimensional mapping,

1:€:}
Cne1 = 80(Cn)- (11
where
g0 k2 - R?

- —l (9;”’1 = 9]) -
A [EEY - 17
(”h HO) (f‘V]I’Vg (92”’ _ 94) » ”l

with Ty = I”_“ and W = I£f+2 ‘
/ I
. n+l

(1 = 2o(C,,) has an integral. In other words, there is a function S : R?
— & such that S(¢,,,;) = S(C,,) for all natural number #. The procedure to
obtain the integrals in more detail 1s described 1n [6].

For the mapping (10), the integral can be explicitly computed from the
monodromy matrix below:

Piq Bt Y
CPok? Pagls
" o
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o p —0]% oy p -0l
_ ok oply || gk agply | (12)
" " o o

The trace of the monodromy matrix in (12) 1s

Sy, W) = p2q(alpy + a?By)
_key 2+ L) s e,0m )
1 H’,{] H"] 2Uh0 1

1 :
- kz{e_{m] - 94(%1-1-',)}, (13)

For all n € N, solution §,, from system (11) is a level set of S, 7).
C. The normalization processing for the integral

Assume that ©, # 0. Then the integral (13) can be written as

-

S\ o 11 , y r 17 T =

(14)

63 04

. 0
with py ==L, gy =22 g = =4,
P70,°"2 70,77 70,

and

S*(”; ”,'l) - SUV 3 JVl) - pZQ(U'ﬁB] * 02[2[34)
5 kz

Condition: 1, = L,{ > (0 where & > 0.
a‘

r

\ : " ,
Let py = % > 0 and 3 > 0. Then choose scaling ¥y > —~ and 7} -
6‘

I%l If py =8, py =-5, and py =0, then based on (14), we have,
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respectively:

1 , , 1 r o7
m] (7 +Hl)_[WUW]J_(Hﬂu])’ (13)

S1(Wo. 1) = H[

1 .

$200 1) = b g+

o wyeul L Yo ewy_[_1
53 (Ho, I ]) = ]..l( H'U + H’l ] + (HO + ¥ l) (Hh”yl ) (17)

Condition: 1, = —% <0 and & > 0.
6‘

= . i W,
Let p, = _6% <0 and 8> 0. Then choose scaling 17, 60

and

Hl

Wy —.If py ==3, p3 =9, and py =0, then based on (14), we have,

respectively:

-

S , 1 1 . . 1 J—
Sq(y, 1) = “[”_u + ﬁ] + (7 + 1) + ( TP J =), (18)

1 1 1
Wy, W W W Wl
S5(y, ) = I-l[nU Wl)+( o+ 1)+ [W(IWIJ_F( o). (19

1 1 1
‘SG(H 0 W ]) “(”; W, J + (H ot s ) + (HUIVI J (20)

Condition: |1, = 0.
1 ,
S7(W. ) = “(W T ) o + 1) = (WI), @n
Se(Wy. W) = “(wl’ I' )+(HO FI) + (TgT), 22)

So (W, ;) = “(ﬁ + u',] ] + Wy + ). (23)
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Condition: 0, =0 and 04 # 0.

If 6, =0 and 04 = 0, then the integral (14) can be written as:

T 1 1 1
itk ) = —_— — | = — | = (¥
Sy, 1) M(Wu + ”’]] “5[””0”1] (i), (24)
0 0
where py = ﬁ and ps = é,
1 . - W, . "
Letps = 5 and 8 # 0. Then choose scaling I 5 and 7} 5
4
Therefore, we have the following integrals:
S1o(Wo, 1) = R iy . (moi11) (25)
’ Wy W Wyl ’
Sy o, W) = o =+ L) [ L) = vy 26)
11V Q- PP u,'u H,’l u,'nu,'] 1148 P LI
o 1 1 e
S0V, M) = W 7= + 75 | - Wol). @7
0 1

Condition: 6, =0, = 0.
For the case of 0, =0, =0, we have two normal forms of integrals

normal. Firstly, if 05 = % and & # 0, then the integral (14) can be written
3

as;

- L, 1) (=L
S13(Wy, M) = u[ﬁ " EJ B (WOWI ] .

Secondly, if 83 = 0, we have other normal integral function, i.e.

4 e 1 1
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Note that the level sets of the integral S(7}. I/}) in (13) for all values of the
parameters are completely determined by the level sets of S Wy, 7)), where

j=12, .. 14

3. Concluding Remark

Based on the above discussion, we conclude that the integral in three-
dimensional maps derived from a AA-mKdV equation for all values of the
parameters is completely determined by fourteen mtegral forms. After some
derivations, three-dimensional traveling wave solution mapping is expressed
into two-dimensional mapping, having solution on the level sets of fourteen
integral functions S ; (7, W;), where j =1, 2, ..., 14.
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