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ABSTRACT

The Degree Constrained Minimum Spanning Tree Problem (DCMIST) is a problem of finding the minimum spanning tree
in a given weighted graph (all weights are non negative), whilst also satisfies the degree requirement in every vertex.
Since the DCMST can be fommulated as MILP, then all constraints are valid inequalities, and among those constraints
some are facets defining. In this paper we will discuss how to find constraints that constitute conmb inequaities for the
DCMST for vertex order 5 to 15with increments 1.

Keywords: degree constrained, minimum spanning tree, valid inequality, facet, comb

1. INTRODUCTION

Even until very recently the Degree Constrained Mnimum Spanning Tree Problem (DCMIST) is net as popular as the
Traveling Salesman Problem (TSP), but its application arises in many real life problens. The Degree Constrained
Mnimum Spanning Tree (DCMST) problem typically arises in the design of telecommunication, transportation and
energy networks. It is concemed with finding a minimunrweight (distance or cost) spanning tree that satisfies specified
degree restrictions on its vertices.

The DCMST may be used in the design of the road system, which has to serve a collection of suburbstowns, and has
the additional restriction that no more than certain nunmber of roads (exanmple: four roads) are allowed to meet at an
intersection. The degree restrictions typically represent the capacity of a center (node) in the network. A degree
constraint in a communication network also limits the liability in the case of vertex failure. In computer networks, the
degree restrictions can be used to cater for the number of line interfaces available at a server/tenminal. The problemis,
apart from some trivial cases, computationally difficult (NP-complete)™.

To tackie the DCMST problem various methods have been developed, both exacts and heuristics. Until very recently
exact algorithms have been restricted to solve only smmall sized problems. Thus, much of the literature work has focused
on heuristics for exanple: variations of Primis and Kruskal's algorithns in? Genetics algorithm in® Simulated Annealing
in 4, lterative Refinement in ®and €, Tabu Search in “2and Modified Penalty'?.

Cutting Plane as one of exact methods had been used to solve the DCMST, and the generated valid inequality defining
facet or cut usually found by Gomory s method According to Nemhauser and Wblsey's) a polyhedron PcR” is defined
asP={xcR":Ax <bh}, where (Ab)isamx (nm+1) matrix. A bounded polynedron is called as a polytope. An
inequality 7ov < 7z, is called as a valid inequality for P if it is satisfied by all peints in P If /zx < 77, is a valid inequality
for Pand 7 = {x € P: ox = 7}, then F is called as a face for P and 7zx < 7z, represents F. A face of Pis proper if
Fx@and F=P.

Given a graph G = (V|E), a cyde of G that does not contain all vertices is called a subtour. In a cycle every vertex has
degree 2. Hence, if every edge in G ¢ G satisfies Z X, = 2, then such sub graph is called 2- matching.
iJ

The DCMST can be formulated as Mixed Integer Linear Programming as follow:
Minimise Z Z Cy Xy (1)
i

Subject to:

12 © 2008 FMIPA Universitas Lampung
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2xy;=n—1 (2)

i

> x, < |V -L VS £V =V (3)

i jel"

1< > x, <b, i=12.....n (4)
J=liwj

x =0or, 1<i#j<n. (5

gjis the weight (or distance or cost) of the edge (ij), b is the degree bound on vertex i and n is the number of vertices.
Constraint (2) ensures that (1) edges are selected. Constraint (3) is the usual sub tour elimination constraints.
Constraint (4) specifies the degree restriction on the vertices. The last constraint (5), is just the variable constraint, which
restricts the variables to the value of O or 1. x; is 1 if the edge Xx; is selected or induded in the tree T and O, otherwise.
This fornrulation is the most common formulation for the DCMST problem However, due to some conmrputational
advantages, Calccetta and Hill9 replaced equations (2) and (4) with:

S xy—d; =0, l<i<n (6)
JjeV
Sd, =201 (7)
i=1
l<d; <b, . l<i<n (8)

This formulation has n additional variables (df's) but nfewer constraints. It was noted in 15 that this formulation was better
computationally in a branch and cut procedure.

Corrb is a valid inequality that consists of hande and teeth'®). A comb is a sub graph generated by a vertex set { H, T+,
Tz, Ts,..., K} with the follonming properties :

IHAT |21, vi=12... k

| T\H |21, vi=12.. k

2<| Tilsm=2, Vv i=12,... k, where mis the vertex order of the graph..

T ~T=C, i#

k is odd and at least 3.

In this paper we will discuss on other form of valid inequality for the DCMST problem which is comb inequality, and this
paper is organized as follow. Section 1 gives the introduction; Section 2 briefly discuss the research 's methodology,
and Section 3 discuss the observation' results about the comb inequalities, and finally the condusion is given in Section
4.

2. MATERIALS AND METHODS
In this research we do the following steps to get the combs inequalities :
a. Collecting and gathering the relevant literature. This step is important because we nmust know if there is
someone already done the same research to avoid duplication.
b. Generate data which form complete graph. Graphs generated are graphs with vertex order from5to 15
with increments 1.
c. Formulate those graphs as Mixed Integer Linear Programming (MILP) problems.
d. Observe the handle, teeth dan comb for those graphs.

e. Determine if the handle, teeth dan comb make patterns.

3. RESULTS AND DISCUSSION

In this section we will discuss the comb inequalities for the DCMST where the vertex order maximum is 15. Observation :
a. For vertex order maximum 5: there is no comb inequialities since there is no evidence the conmb properties will
be hold.
b. For vertex order 6 : The comb inequalities is a 2-matching inequalities and can be illustrated as follow:

© 2008 FMIPA Universitas Lampung 13
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In this figures H ={1,2,3}, T1 ={1,4}, T>={2,5}, Ts ={3,6}. Note that this figure is one possibility among 20 possible
conditional permutations that constitute comb where comb of that figure (and also 20 combs). The comb inequialities
for this figures is Xiz + X13 + Xz3 + X4 + X5 + X < 4

c. For vertex order 7: the comb inequalities can take any figure from the figures below:

ARDIRERNAIAIRY
¢ )

Note the labeling in figure can be more one due to the possibie condifional permutation which applied.
Therefore, for figure on the top left hand side of vertex 7 for example, vertex 4 which is on the handle but not on the teeth
can be put on the left hand side, in the middle(in the teeth and handle) or just on the teeth. Any isomorphic graph occurs
is neglected. That conditional permutation applies for all figures. Due o space limitation, we do not give observation in
picture for graphs with higher vertex order.

Next, we give some comb inequialities derived for graph with vertex order 15 (again, space limitation restricts us to give
all results):
1H={1,23,4,567,8;Ti={1,9); To={2,10}; Ta={3, 11}: Ta= {4, 12}; Ts={5,13}; Te={6, 14}: Tr={7, 13}

Z xe+i Z x, <11

ecE(H) i=1 ecE(L;)

2H={1,23,456, 71 T1={1.8,9) To={2, 10}; Ta= {3, 11}: Ta={4, 12}; Ts={5,13}; Te={6, 14}: Tr= {7, 15}

. 7
Z x?Jrz Z x, <11
ecE(H) i=1 ecE(T})
3H={1,2,3,4,5,6,7,8,9, 10} T1= {1, 11}; T2= {2, 12}; Ta= {3, 13}: Ta= {4, 14): Ts={5,15)

Z x?+i Z x, <12

ecE(H) i=1 e=E(T})
4H={1,2,3,4,5,6,7,8,9) T1={1, 10, 11} Ta= {2, 12}; Ta= {3, 13}: Ta= {4, 14} T5={5,15)

Z xg+i Z x, =12

ecE(H) i=1 ecE(T})
5H={1,2,3,4,56,7,8;T1={1,9 10} T2={2, 11,12}, Ta={3, 13}: Ta = {4, 14}, Ts={5,15}

Z xg+i Z x, <12

ecE(H) i=1 ecE(T})

14 © 2008 FMIPA Universitas Lampung
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BH={1,23,4,56, 75 Ti1={1,8 9% Ta={2, 10, 11}; Ta={3, 12, 13}: Ta= {4, 14}, T5={5,15)

z erri z x, <12

ecE(H) i=1 ecE(T})
TH={1,23,456} T1={1,7,8): T2={2,9, 10} Ta={3, 11, 12}: Ta= {4, 13, 14}, Ts={5,15)

Z x€+i Z x, <12

ecE(H) i=1 ecE(L;)
8H={1,23,43T:1={1,6,7}T2=4{2,8,9} Ts={3,10, 11} Ta={4, 12, 13}; Ts={3, 14, 15}

Z x€+25: Z x, <12

ecE(H) i=l ecE(T;)

UJ

9.H={1.2,3,4,56,7,8,9,10, 11,12 T1={1, 13; T2= {2, 14} Ts= {3,115} > «x, +Z > x, <1

ecE(H) i=l eeE(L;)

I/\
UJ

10.H={1,2,3,4,5,6,7,89,10, 11 T1={1,12,13; T2= {2, 14} T5={3, 15} D x, +Z > =,

ecE(H) i=1 ecE(T;)

3
M. H={1,2,3,4,5,6,7,89, 10} T1={1, 11, 12}; T2= {2, 13, 14}; Ta= {3, 15} Z xg+z z x, =13

esE(H) i=1 eE(T})
12.H={1,2,3,4,5,6,7.8. 95 T1={1,10, 11} T2= {2,112, 13}: Ta={3. 14,15} D> x,+ D> D x,<13
3
13.H={1,2,3,456,7. 8 T1={1,9,10, 11} T2= {2, 12, 13} Ts={3. 14,15} D> x,+» > x,<13
ecE(H) i=1 ecE(T;)

3
14 H={1,2,3,4,567;T1={1,89 105 Ta={2. 11,12, 13} Ts=(3, 14,15} >  x,+> > x,<13

ecE(H) i=1 esE(T;)
15.H={1,2,3,4,5 65 T1={1,7,8,95 T2={2,10, 11,12 Ts= (3,13, 14, 15} > x, +Z > x, <13

eeE(H) i=1 ecE(T;)
16.H={1,2,3,4,5; T1={1,6,7,8; T2={2.9,10, 11}, Ta={3, 12,13, 14,15} > x, +Z > x,<13

ecE(H) i=1 ecE(T})
17.H={1,2,3,45T1={1,5,6,7,8, T2={2.9,10, 11, 12}, Ta= {3, 13, 14,15} > x, +Z Z <13

ecE(H) i=1

w
.H

18.H={1,2,3; T1={1,4,5,6,7;T2={2,8,9.10. 11}, Ta={3, 12,13, 14,15} D> x,+> D> x, <1

ecE(H) i=1 e=E(T})

5]

19. Hi={1,2 3} Hz {8,9,10}, Ti={1,4,3} T2={2,6, 7}; Ta={10, 13, 14, 15}, Ta={9, 11, 12}; Ts = {3, 8}

2D IRES IPINEE

i=l ecE(H) i=l ecE(T;)

4, CONCLUSION

Based on our observation we can condude that there is no commb inequalities for vertex order lower than or equal to 5.
For vertex order 6, conmb inequality is also 2-matching. Graphs with vertex order muitiplication of 3 and higher than 6
(such as 9, 12, and 15), also constifutes some 2-mathing among the combs inequalities for those graphs. Cliques occurs
when the vertex order higher than or equal to 10.

© 2008 FMIPA Universitas Lampung 15



Wamiliana et al... Comb Inequalities for the Degree Constrained Minimum

ACKNOWLEDGMENT

This research is funded by The Directorate of Hgher Education of the Republic Indonesia under coniract no
028/SP2H/PP/DP2M/II/2007 on 29t March 2007 and the authors wish to thank for the fund.

REFERENCES

1.

10.

1.

12.

13.

14.

15.

16.

16

Garey, MR., and Johnson D.S., 1979. Computers and Intractability, A Guide fo the Theory of NP-Completeness,
Freemann, San Fransisco Boldon,

Narula,S. C., and Cesar AHo.1980, Degree-Constrained Minimum Spanning Tree, Conmputer and Qperation
Research, 7,pp. 239-249.

Zhou, G, and Mtsuo Gen, 1997. A Note on Genetics Algorithms for Degree-Constrained Spanning Tree
Problers, Network, 30, pp.91 - 95.

Krishnamoorthy, M., A T. Emst and Yazid M Snaraila ,2001.Comparison of Algorithms for the Degree Constrained
Minimum Spanning Tree, Journal of Heuristics, 7, no. 6, pp. 587-611.

B., N. Deo and Nishit Kumar, 1996.  Mninmum Weight degree-constrained spanning tree problent Heuristics and
Implementation on an SIMD parallel machine, Parallel Computing 22, pp.369 -382.

Deo N. and Nishit Kurmar,1997,.Cormputation of Constrained Spanning Trees: A Unified Approach, Network
Optimization (Lecture Notes in Economics and Mathemetical Systens, Editor: Panos M. Pardalos, et a ,Springer-
Verlag, Berlin, Germany, pp.194 — 220.

Caccetta, L, and Wamiliana, 2001. Heuristics Algorithms for the Degree Constrained Minimum Spanning Tree
Problens, in Proceeding of the Intemational Congress on Modelling and Simulation MODSIM 2001), Canberra,
Editors: F. Ghassemi et.al, pp. 2161-2166

Wamiliana, 2002a. Combinatorial Methods for the Degree Constrained Minimum Spanning Tree Problem, Doctoral
Thesis, Department Mathematics and Statistics, Curtin University of Technology, Perth, Western Australia.

Wamiliana and L. Caccetta, 2003. Tabu Search Based Heuristics for the Degree Constrained Minimum Spanning
Tree Problem, Proceeding of South East Asia Mathematical Society Conference, pp. 133-140.

Wamiliana, 2004. Solving the Degree Constrained Minimum Spanning Tree Using Tabu and  Penalty Method.
Jurnal Teknik Industri, 6, pp.1-9.

Wamiliana, and L. Caccetta, 2006. Computational Aspects of The Modified Pendty Methods for Solving The
Degree Constrained Minimum Spanning Tree Problems, Journal of Quantitative Methods, 2 No.2 , pp. 10-16.

Wamiliana,2007. Tabu search's diversification Strategy for the Degree Constrained Minimum Spanning Tree
Problem, Jurnal Sains MIPA, 13 No 1, pp. 61-65.

Wamiliana ,2002b. The Modified Penalty Methods for The Degree Constrained Minimum Spanning Tree Problem,
Jurnal Sains dan Teknologi, 8, pp.112.

Nemhauser G, and L.A Wolsey, 1988. Integer and Combinatorial Optimization, Prentice Hall, Inc.

Caccetta,L and Hill, SP.2001, A Branch and Cut method for the Degree Constrained minimum Spanning Tree
Prablem, Networks, 37, pp.74-83.

Letchford ANN., 2000.Separating A Superdass of Conrb Inequalities in Planar Graphs, Mathenatics of Operations
Research, 25 No. 3, pp.443-454.

© 2008 FMIPA Universitas Lampung



