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Abstract. In this paper we discuss the locating chromatic number of a disconnected graph,
namely a disjoint union of some double stars. To determine the locating-chromatic number of
a graph, first we construct the upper bound of the number and observe the minimum coloring
used. Then, to determine the lower bound of the number, we use the trivial lower bound for
some leaves which incident to one vertex. Two main theorems about the locating chromatic
number of a disjoint union of some double stars. We obtained some original results of the
locating chromatic number of disjoint union of some double stars. Moreover, we can
generalize the graph such that the locating chromatic number remains the same with the
previous one.

1. Introduction
The locating chromatic number of a graph is a combination between the partition dimension [1] and
coloring of a graph. The definition of locating-chromatic number of a disconnected graph is taken
from [2] extended based on definition of the locating chromatic number of a connected graph [3].

Let G=(V,E) be a disconnected graph and ¢ be a proper coloring of G using the colors

12,...,k for some positive integer k . Let IT={C,,C,,...,C,} be a partition of V(G) , where C; is
the set of colored vertices i (color classes) , for ie[1k]. The color code ¢ (v) of vertex v in G is
the ordered k -tuple (d(v,C)),...,d(v,C,)) where d(v,C,)=min{d(v,x)|xeC}for ie[Lk]. If all
distinct vertices of G have distinct color codes, then ¢ is called a locating coloring of G using k
colors. The locating-chromatic number of G is the smallest k such that G has a locating coloring,
denoted by X'L(G), whereas locating chromatic number for a connected graphG, denoted by
x1(G).

The following theorem is a basic theorem about the locating chromatic number of a graph, proven

by Chartrand et al. [3]. The neighborhood of vertex s in a connected graph G, denoted by N(s) is the
set of vertices adjacent to s.
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Theorem 1.1. Let ¢ be a locating coloring in a connected graph G. If s and t are distinct vertices
of G such that d(s,u)=d(t,u) for all ueV(G)—{s,t}, then c(s)=c(t). In particular, if s and t
are non adjacent vertices of G such that N(s) = N(t), then c(s) =c(t).

Corollary 1.1. If G is a connected graph and there is a vertex adjacent to k leaves, then
n(G)=k+1.

Chartrand et al. [3] in 2002 determined the locating chromatic number for some classes of graph
such that paths, stars, complete graph, and double stars. A double stars is a tree which has two
vertices x , y which have degree bigger than 1. Let degree of x be @+ 1 (deg (x) = @ + 1)) and deg
(y) = b + 1, then we denoted the double stars S, . Forany a and b, where 1< a = b and
b22 x,(S.p)=b+1.

Next, many researchers continue research about the locating chromatic number, especially for
trees. Asmiati et al. [4, 5] determined the locating chromatic number for amalgamation of stars and
firecracker graphs, respectively. Moreover, Des Welyyanti [6] also obtained the locating chromatic
number for tree, namely complete n-ary tree. Asmiati [7] successes to determine the locating
chromatic number of nonhomogeneous amalgamation of stars, obtaining the general results of
Asmiati et al.[4].

Besides that, for characterizing graphs, Chartrand et al. [3] determined graphs having locating
chromatic number (n-1) or (n-2), Baskoro and Asmiati [8] characterized all trees with locating
chromatic number 3. Next, Asmiati and Baskoro [9] characterized some of graphs containing cycle
with locating chromatic number three.

Locating chromatic number of a disconnected graph firstly studied by Des Welyyanti et al. [6].
They determined the locating chromatic number of a uniform linier forest, namely a disjoint union of
some paths with the same length.

In this paper, we will discuss the locating chromatic number of a disjoint union of some double
stars, partially for @ = b = n for m disconnected double stars, we denoted S;,,, where ie[1,m]

and m=1.2,..., M We denote the vertices of S, a and bi as the vertices of degree (n + 1),

respectively. The leaves incident to a* are denoted by x; while the leaves incident to b are denoted
by v, for ie[1,m] and je[1,1]. The disjoint union of some double stars where n > 3, ie[1,m],

m=12,.., m is denoted by A=UTL, S% ..

2. Methods _
To determine the locating chromatic number of a disjoint union of some double stars A = UiZ, 57 .,
we construct the upper bound and the lower bound. The trivial lower bound of the locating chromatic

number for this graph is derived from Corollary 1.1. Next, we construct the minimum locating
coloring to obtain the upper bound. Finally, we have the result desired, the locating chromatic humbe

of A, x',(A). The next step, we subdivide some edges of 5}, to get the maximal edges. The new

graph obtained is denoted by Sf;n and we denote D = ;’;15:;,1. We do the subdivision such that
x' (4) =2, (D).

3. Results and discussion.
In this section, we will discuss the locating chromatic number of a disjoint union of some double
stars and subdivisions.

Theorem 3.1
Let 5 . be adisjoint union of some double stars, where n >3, ie[1,m],
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m=12,..,[%] and A=UZ,Si, . Then x',(4) =n+1.

nn
Proof:

First, we determine the lower bound of X“L(fl). Since every vertex on a™, b™ for
m=12,.., M adjacent to 1 leaves, then by Corollary 1.1, we have ¥, (4) = n + 1. Next, we

determine the u_pper bound of x',(A). Letc be a proper coloring of A using (n + 1) colors. We
assign the vertices of V' (4):

a. Each color of a' or b* in V(A4) are different, where i=k or i#k
,at,b¥ €{1,2,...,n+1}and i,k e[1,m].

b. {c[x;)} ={1,2,...,n+ 1}\(?[(1"), ie[1,m] and je[1,m].

c. {c[v}‘)} ={1,2,..,n+ 1\c(b"), ie[1,m] and je[1,n].
the coloring ¢ will induces a partition [I ={C,, C, .... C,. 1} of V(4).
Next, we will show that the color code of every vertex on V(4) is unique. Consider i, v € V(A4)
and c(u) = e(v), then we have some cases :

o If c(a’)= c(yf), where i =k or i # k, then cx(a’) contains at least three components
of value 1, whereas cn[}r}’-‘} contains exactly one component of value 1. Thus,
cn(a’) # en((7).

o If c(b')= c[x}‘], where ¢ =k or i # k, then cn[bf) contains at least three components
of value 1, whereas cn[[x}‘) contains exactly one component of value 1. Thus,
cn[bi) * g [:x;‘).

o Ifu=xjand v =yF Then cy(x} ) # cq(¥F) because e(x;) # e(x;).

From the cases above, it is clear that every vertex on ¥ (4) has different color codes. Therefore, ¢

is a locating coloring and x*,(4) =n + 1. -

Next we will subdivide some edge of the disjoint union of some double stars. Graph 5,‘:” is
obtained from graph 5, by inserting one vertex between a* and b* (we denote the new vertex by
c"). Next we will prove that the locating chromatic number of the new graph is the same with the
locating chromatic number of the previous graph.
Consider V(5. ) = {a', b xfp, vie|i = 12,3 woom;j = 1,23, .omk = 1,2,3, .1

nn

Theorem 3.2.
Let 5, be adisjoint union of some double stars with subdivisions, where n >3, ie[1,m],

m=12,.., M and D=UM%, Sy, . Then x' (D) =n+1,

2 Ln
Proof:
First, we determine the lower bound of X'L_(D]. Since each vertex a™ and b™, for

m=12,.., m adjacent to 7 leaves, then by Corollary 1.1, we have ¥', (D) = n + 1.

-

Now, let ¢ be a coloring on V(D) using (1 + 1) colors. The colors for vertices a’, b*, x; and v;
are following the proof of Theorem 3.1. The colors for vertex ¢’ is one of {1,2, ..., + 1}. We
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assign the alternating colors c(a’) or c(x}), to the vertices x};, respectively. We do the coloring

similarly for vertices v; we assign alternating colors ¢(b*) or c[}rjj, respectively. Observe that

these color codes are unique and for the remaining of the vertices, the color codes are also unique as
proven in Theorem 3.1. So, c is a locating coloring and X“L(D) =n+1.

The following figure shows the minimum locating coloring on nga.

>0

- ©

Figure 1. The Minimum locating chromatic number of 55'15

4. Conclusions
By doing the subdivision to (72 — 1) pendant edges and adding one vertex to some edge ab of A such

that we have the maximal edges, we have new graph, denote by D. We prove that the locating
chromatic number of A and D are the same.
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