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Keywords

Lucas and Gibonacci numbers are two sequences of numbers derived from a welknown numbers, Fibonacci numbers. The
difference between Lucas and Fibonacci numbers only lies on the first and second elements. The first element in Lucas numbers
is 2 and the second is 1, and nth element, n > 3 determined by similar pattern as in the Fibonacci numbers, i.e : Ln = Ln-1 + Ln-2.
Gibonacci numbers G_0,G_1,G_2,G_3... ; G_n=G_(n-1)+G_(n-2) are generalized of Fibonacci numbers, and those numbers
are nonnegative integers. If G_0=1 and G_1=1, then the numbers are the wellknown Fibonacci numbers, and if G_0=2 and
G_1=1, the numbers are Lucas numbers. Thus, the difference of those three sequences of numbers only lies on the first and
second of the elements in the sequences. For Fibonacci numbers there are quite a lot identities already explored, including the
sum of cubes, but there have no discussions yet about the sum of cubes for Lucas and Gibonacci numbers. In this study the

sum of cubes of Lucas and Gibonacci numbers will be discussed and showed that the sum of cubes for Lucas numbers is Y'i-,

PAole (e Ot & 3 (G2 G G2
and for Gibonacci numbers is Y1, (Gi)3=[Gn(Gn+1) +(G1-Go)’-3Go G1+42G0 (-1)"(G17-G1Go-Go*)Gn-1]
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1. INTRODUCTION

Fibonacci number was originally stated by Leonardo Pisano or
Fibonacci in his book, Liber Abaci in 1202. In his book he stated
a problem about the growth of pairs rabbits. A young pair of
rabbits (male and female) is placed on an island. A pair of rabbits
does not breed until they are two months old. After they are
two month old, each pair of rabbits produces another pair each
month. Assuming that there are no rabbits ever die then the total
number of pair of rabbits form a sequence 1,1,2,3,5,8,13,...and
this sequence of numbers is known as Fibonacci numbers. Lucas
number was introduced by Francois Edouard Anatole Lucas in
1877 by setting the first number is 2 and the second is 1, and
the other numbers are following the pattern as on Fibonacci
numbers so that it form a sequence of numbers 2, 1, 3, 4, 7, 11, 18,
29, 47.... Gibonacci numbers Gy, G1, G2, G3,...;Gp = Gp-1 + Gp_2
are generalized of Fibonacci numbers, and those numbers are
nonnegative integers. If Gyp = 1 and G; = 1,then the numbers
are the welknown Fibonacci numbers, and if Gy = 2 and G; = 1,
the numbers are Lucas numbers. Thus, the difference of those
three sequence of numbers only lies on the first and second of
the elements in the sequences.

There are many identities already developed that related
among Gibonacci, Fibonacci, and Lucas numbers. Posamentier

et al. (2007) showed that Fibonacci, Lucas, and Gibonacci num-
bers related to Pascal triangle, art and golden ratio. There are
some researchers already investigated identities for Fibonacci
Lucas and Gibonacci numbers such as Carlitz et al. (1972a,b,c,d),
and Benjamin et al. (1999, 2000, 2009, 2003). Krishna (1980), in-
vestigated generalized Fibonacci sequence and William (1972)
discussed how to get Fibonacci numbers from Pascal’s triangle.
Dunlap (2003) investigated about the golden ratio and Gener-
alized Fibonacci numbers, including the application in biology
and crystallography. Benjamin et al. (2003) proved more than
one hundred Fibonacci identities by combinatorial arguments
and Benjamin et al. (2009) proposed the identity for finding the
sum of cubes for Fibonacci numbers. Frontczak (2018) discussed
about the relationship of sum of powers for Fibonacci and Lucas
numbers for sum of first, second, third, and fourth powers; and
Arangala et al. (2016) investigated the relationship of the sum of
power for Fibonacci and Lucas numbers for the power of square,
fourth, sixth, and eighth. However, until recently there have no
discussion about the sum of cubes for Lucas numbers where in
the formula just contains the Lucas numbers itself, or the sum of
cubes for Gibonacci numbers where in the formula just contains
the Gibonacci numbers itself. Therefore, in this study we will
discuss about the sum of cubes for Gibonacci numbers as an
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extension identity of Koshy (2001), and Benjamin et al. (1999).
In Section 2 and 3 we will present the results from Koshy (2001),
Benjamin et al. (1999), and Dunlap (2003), and in Section 4 we
will present the results.

2. Some Identities for Lucas and Gibonacci Numbers

2.1 Some Identities for Lucas Number
The Identity 1, 2, and 3 are proposed by Koshy (2001), and the
Identity 4 is proposed by Benjamin et al. (1999).

Identity 1
Loy+Li+Ly+..+Ly=Lpo -1

Proof. Using the definition of Lucas number we get
Ly_2 =L, - Ly then,

Lo=Lz-14
Li=L3-L
Ly=L4-L3
L3 =Ls-L4

Ln-1 =Ln+1 - Ln
Take the sum on both sides simultaneously we get :
Lo+L;+Ly+Lg+.+L, = Lyyo — Ly O

Identity 2
Lo+ Ly +Lp+L3+..+Loy=Lops1 - Ly

Proof. By definition, L1 = Ly — Ly then,

Lo =1Lo

Ly=L3-1
Ly=Ls-1L3
Leg=L7-Ls

Lan-2 = Lon-1 - L2n-3
Lon = Lon+1 - Lon-1
Take the sum on both sides simultaneously we get :

Ly+Li + Ly + L3+...4Lay, Lopn+1 — L1 + Lo

= Loyps1—-1+2

= Lap+1 +1

= Lapa1ly

O

Identity 3
L1 + L3+ Ls+...+Lan-1 = Lan - Lo
Proof. By definition, L1 = L — Ly then,
Li=La-Lo
Ly=Lg4-L,
Ls=Lg-Ly
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L2n-3 = Lan-2 - Lon—4

Lan-1 = Lon - Lon-2

Take the sum on both sides simultaneously we get :

Ll + L3 + L5+...+L2n_1 = LG - L() O

Identity 4
Lni1Lln-1 = an - (_1)n.5

Proof. Using mathematical induction, and we leaven the basic
induction and just do the induction step. Asumme that the
statement is true for n = k , Ly, Li_; = L2 - (-1)%5
Forn=k + 1, then:

Lk+12 = Lis1- Lo

Licrt? = Lz ~ LidLi

Lii1? = Liea'Lies - LicLica

Lir1? = Lirp = (L + Lieo1)-Lic Ly

Lir1? = LieaLi + Lo+ L2 Li-g — LicLigas
Lir1? = LieaLie + (L—q + LidLic—1 LacLicaq
Lii1? = LiceoL+Lis 1 L1 + LieLiog = Lic-Liys
Lie1? = LiceoLie + Lices Taeq + Lic(aerr — L)
Lii1? = LiceoLi + Lieg Loy + Li(-Ly)

Lie1? = LigyoLy + Ly L -Ly 2

Since, Lk_lLk+2=—Lk2—(—1)k~5, then

Lk+12=Lk+2'Lk_(_l)llz'51

L1 ?=Liep Lyt (-1)* " 15

Licrp Lic=Lic 1 2+(- 1)< * 1.5 O

2.2 Some Identities for Gibonacci Number

The Identity 5,6, and 7 are proposed by Dunlap (2003), Identity 8
is proposed by Benjamin et al. (2009), while Identity 9 derived
from Definition 8. Those Identity will be used in the process to
determine the sum of cubes for Gibonacci numbers.

Identity 5
Go + G1 + G2+...+Gn = Gm.z - G1

Proof. Using the definition of Gibonacci numbers, we get
Gpn-2 = Gy — Gy then,

Go=G2 -Gy
G1=G3-G;
G2 =G4 -Gs
G3 =G5 -Gy

Gn-1 = Gn+1 = Gn

Gn = Gn+2 - Gn+1

Take the sum of both sides simultaneously we get:

Go + G1 + Go+..4Gp = Gpe2 - Gy O

Identity 6
Go + G1 + Gz + G3+...+G2n = G2n+1 + Go = G1
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Proof. Again, using the definition of Gibonacci numbers, we get
Gn-1 = Gn - Gp-2,

Go = Go

G2 =G3 -Gy
Gy =G5 - Gs
Ge = G7 - Gs

Gon-2 = Gan-1 — Gon-3

Gan = Gan+1 — Gan-1

Take the sum of both sides simultaneously we get :

Go + G1 + Gg + G3+...+G2n = G2n+1 + G() - G1 O

Identity 7
G1 + G3 + G5+...+G2n_1 = G2n - G()

Proof. Gp-1 = Gp — Gp-2 then,

G =G2-Gg
G3 =G4 -Gy
Gs = Gg - Gy

G2n-3 = Gan-2 — Gan-4

Gzn-1 = Gzn -~ Gon-2

Take the sum on both sides simultaneously we get :

G1 + G3 + G5+...+G2n_1 = ng - G() O

Identity 8
Gn+1Gp-1 = an - (_1)n'{G12 -G1Go - GOZ}

Proof. By using mathematical induction.
Forn=k + 1, then:

G2-Go = Gp? - (-1)™{G1% - GGy - Go%}

(G1 + Go)Go = G1% - G1% - G1Go - Go?

G1Gog + Go? = G1GGy?

Assume that the statement is true for n = k, then

Gk+12 = GkJrl'Gk+1

Gk+1z = (Gk+2 - Gk)Gk+1

Gk+12 = Gk+2'Gk+1 - Gk'Gk+l

Gis1® = Gz = (Gk + Gi_1)-Gi-Giat

Gir12 = Gis2Gk + Gio1+Lics2°Gi1 — Gi-Giert
Gis1? = Gys2Gk + (Gko1 + Gi)Gk-1-G G
Gis1® = Gis2Gk+Gr1Gxo1 + Gi'Gieot — GiGiea
Gir1? = Gis2Gk + Gir1°Gio1 + Gie(Gieeq — Giot)
Gir12 = Gis2Gxk + G 1 Gyt + Gi(-Gy)

Gs1? = Gis2Gik + Gis1Gr-1-Gi?

Because, Gp11Gn_1 = G2 - (-1)"{G12 - G1Gp - Go?} then

G 2=Grr2'Gi—(-1)*{G12 - G1Go - Go?}

Gier12=Ger Gie+(-DF 714Gy % - G1 Gy - Go?}

We get Giep Gie=Gier1 2+(-1)* * {G1? - G1Go - Go?} O

The following identity was derived from Identity 8
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Identity 9
ZananHz_GnGn—l - (_1)H(G12 - G1Go - Goz)

Proof. Gn?=Gp-Gy

Gn2=Gn'(Gn+1 - Gn—l)

anan'Gnﬂ_Gn'Gn—l

GnZZ(GnH - Gn—l)'Gn+1 = Gn'Gp-1

anan+12_Gn+1'Gn—1 - Gn’Gn—l

Using Identity 4

Gn+1Gn-1 = Gn? = (-1)™{G1* - G1Go - Go®}

Then:
Gn?=Gn+1%{Gn® - (-1)™(G1? - G1Go - Go*)}-Gn-1 ~ Gn'Gn-1
2Gn?=Gn+12-GnGn-1 - (-1)(G1? - G1Go - Go?) O

3. Sum of Cubic for Lucas and Gibonacci Numbers

Based on the Definition above, we can derive an Definition for
finding the sum of cubes for Lucas and Gibonacci number as
follow:

Identity 10

The sum of cubic of Lucas numbers is
n L 3_Ln(Ln+1)2+5(_1)nLn71 +19
izo (Li)’= 2

Proof. Using Identity 5: 2L,?=Lp,12-LyLy_1 - (-1)™5, then
2L3 = 2Ly3

2L3 = 2L,L;2

2L1% = Ly(Lo?LiLo + (-1)'5)
2L13 = LiLy? - Ly2--5L4
2L23 = 2L2L22

2L,> = La(Ls?LaLy + (-1)'5)
2Ly3 = LyL12 - Ly2-—5L4
2L33 = 2L3L32

2L3% = La(Ls*LsLy + (-1)'5)
2L33 = L3L4? - L3?-—5L4
2L43 = 2L4L42

2L4> = Ly(Ls*LyLs + (-1)'5)
2L43 = LyL3? — L4?-—5L4
2L53 = 215152

2Ls> = Ls(Ls LsLg + (-1)'5)
2L53 = LsL4% - Ls2--5L
2Lg3 = 2LgLg2

2L¢> = Le(L7%LeLs + (-1)!5)
2Lg¢3 = LgL5% — Lg?-—5L4

2L,3 = 2L, L2
2Ln3 = Ly(Lns12LoLn_1 + (-1)15)
2Lp3 = LyLy-1% - Lp2--5L,4

Take the sum on both sides simultaneously we get :
2(Ly* + L® + L, + Ly*+..+L,°)

2(Ly* = Li*Ly - 5(Ly = Ly + Ly = Ly + Ls — Lg + ... - (-1)"L,)L, L%

n+l
L"Liﬂ ~5(Ly = Ly + Ly — Ly + Ly — Lg+..~(~=1)"L,2(Ly> - L,*L,
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Next, we need to find the sum of
L; - Ly + L3 - Ly + L5 — Lg+...—(~1)"Ly By using Identity 2 and
3, we get:

=Ly - Ly - Lg+...Lop = —~(Lans1 + L1 - Lo) (1)

-L1 - L3 = Ls+..Lop-1 = ~(Lan — Lo) (2

From equation (3), adding both sides with Ly, — Lo, equation
(3) becomes:

=Ly - Ly = Le+...Lan + Lan = Lo = —(Lan+1 + L1 = Lo) = (L2n — Lo)
®)
By using equation (4), equation (5) becomes :
—Ly—Lg-Lg+..Loy + (-Ly — Lg — Ls+...Lap—1)
= ~(Lan+1 + L1 = Lo) = L2n — Lo
Li—-Ly+L3—Lg+Ls—Lg+..+Lap1— Lop
=-Lops1+L1-Lo—Lan— Lo
= —Lop+1 + L1 — Lan
= -Lap-1 - Lon (4)
Adding Lap.+1 to both sides of equation (5), we get :
Li-Ly+L3—-Lg+Ls—Le+..Lap-1 — Lop + Lops1
= -Lop-1 - L1 + Lan+1
Li-Ly+L3—-Lg+Ls—Lg+..Lop-1 — Lop + Lop+1
= Lans1 - Lon-1 - In
Thus,
Li-Lyp+L3—-Ly+Ls—Lg+..Lop—1 — Lo + Lop+1
=Lon - Ly (5)
By equation (6) and (7), we can conclude that :
Li-Ly+Ls—Ly+Ls—Lg+..—(~1)"Lp = ~(=1)"Lp_1 - Ly (6)
Therefore, by using equation (8), equation (3) becomes:
2(Lo> + Ly + L% + L33+..+L,%)
= LnLp.y = 5[~(-1)"Ln-1 - L1]2(Lo’ - L1’ Lo
=12, +5(-1)"Lp_1 + 5L1 + 2Lo> - L1 %L (7)
By using definition that Ly = 2 and L1 = 1, then:

2(Lo% + L% + Ly® + L3®+..+L,%) =

LnL?,; = 5[~(-1)"Lp_1 + 5+ 16 - 2

= LnLh = 5[-(-1)"Ln-1 + 19

Ln(Lp+1)® + 5(=1)"Lp_1 + 19
2

n
Therefore : Z(Li)3 =
i=0
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Example : Given Lucas sequence :

2,1,3,4,7,11, 18, 29,47, 76, 123, 199, ..., then

2(L03 + L3+ L L3+ o+ L103)
Lio(L11)? + 5(-1)1°Ly + 19
2
123(199)% + 5(-1)1%76 + 19
2
123(39601) + 5(-1)1°76 + 19

2
4870923 + 380 + 19

2

2435661

By using direct summation we get :

2(Lo3 + L3+ L+ L3+ L103) =

B3 +33 483474113 4+188 429 4473 4763 + 1233 =
8+ 1+27 + 64+ 343 + 1331 + 5832 + 24389 + 103823+
438976 + 1860867 =

2435661

Identity 11
n
i=0
(Gi)3:G"(G"+1)2 +G1 = Go® = 3Go2G14Go>~(-1)"(G1% - G1Gp ~ Go*)Gi-1
2

Proof. By using Identity 9:

2GnZ:Gn+12_GnGn—l - (_1)n(G12 - GlGO - GOZ)
2Go> = 2Go3

2G;3 = 2G1 G2

2G1> = G1(Gz - G1Go - (-1)(G1?® - G1Go - Go?))
2G1® = G1G2% - G2%-Gg + (G1? - G1Go - Go*)Gy
2G23 = 2G2G22

2G2® = G2(G3 - G2G1 - (-1)™(G1? - G1Go - Go?))
2G23 = G3G3? - G32-Gg + (G1? - G1Gy - Go?)G2
2G33 = 2G3G32

2G3® = G3(G4 - G3G3 - (-1)(G1? - G1Go - Go?)
2G3® = G3G4% - G4%-Gg + (G1* - G1Gy - Go*)Gs3
2G43 = 2G4G4?

2G4> = G4(Gs - G3G3 - (-1)™(G1? - G1Go - Go?))
2G4> = G4Gs% - Gs2-Gy + (G1? - G1Go — Go?)Ga4
2G53 = 2G5G52

2Gs> = Gs(Gg ~ G4Gz - (-1)"(G1? - G1Gy - Go?))
2Gs® = G5Gg? - G5%Go + (G1% - G1Go - Go?)Gs
2Gp? = 2G,G,?

2Gn® = Gn(Gn+1 = GnGn-1 - (-1)"(G1? - G1Go - Go?))
2Gn3 = GnGnJrl2 - GnZ'Gn—l(_l)n(Gl2 - GlGO - GOz)Gn
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By taking the sum of both sides simultaneously we get:

2(G03 + G13 + GZ3 + Gg3+...+Gn3) = 2G03 - G12.G0
+(G12 - G1Gy - Go?)(G1 - Gp + G3 - Gy + Gs - Gg
4o = (-1)"Gp) + GnGper® 8)
Next, we need to find
(G1 - Gz + G3 — Gy + G5 — Gg+...—(~1)"Gyp) + GnGp.12 By using
Identity 2, we get :

-Gy = G4 = Gg...=Gan = ~(Gans1 - G1) )

and Identity 7:

G1 + Gs + Gs...4Gop—1 = Gop - Gy (10)

From equation (11), add both sides of the equation with G2, — Go
then equation (12) becomes :

~G2 - G4~ Gg...— Gop+ Gon = Go = (Gan-1-G1)+ Gon - Go (11)

By equation (12), equation(13) will be :
—G2 - G4 - GG‘.. - GZn + Gzn + G1 + G3 + G5... + GZn—l
=(Gan-1 - G1) + Gon - Gy
Gi-Gy+G3-G4+Gs+Gg+ ...+ Gopp1 — Gopy
= Gop-1+ Gan + G1 - Gy (12)
From equation (13), add both sides withGap+1, we get:
G1 - Gz + G3 - G4 + G5 + G6+...+G2n_1 - G2n + G2n+1
= Gan-1 + G1 = Go + Gan+1
= Gan+1 = Gon-1 + G1 = Gy
By using the definition we get
Gan = Gan+1 — Gan-1 thus,

Gi-Gy+G3-G4+Gs5+Gg+ ...+ Gop-1 - Gop + Gop1
=Gy + G - Gy (13)
From equations (14) and (15), we can conclude that :
G -Gy +G3 -Gy +Gs - Gg +... - (-1)"Gy,
= —(-1)"Gp-1+ + G1 - Gy (14)

By using equation (16), equation (17) become:

© 2019 The Authors.

Science and Technology Indonesia, 4 (2019) 31-35

2G3+G13+G§+G§+...+G2

2G3 - G2.Gy + (G - G1Gy - G?)

[(-1)"Gn-1 + G1 - Gol + Gu G2,

= GG, +2G} - G2Gy-

(-1)"+ G? - G1Gy - GEGp_1 + G1 - Gy

= GnG2, +2G3 - G2.Gy + (G? - G1Gy - GP)
[~(-1)"Gp-1 + (G} - G1Go - G§)(+G1 - Gy) (15)

= GuG2,, +2G3 - G2Gy + (G? - G1Gy - G3)

(+Gi - Go) = (-1)(G} - G1Go - G§)Gn-1

= G,G2,, +3G3 - GI3G2Gy-

(-1)"(G} - G1Go - G§) G-

= GuG2,, + (G1 - Go)® + 4G} - 3G2 Gy -

(-1D)™(G} - G1Go - G§)Gn-1

Therefore:
Go? + G123 + G3+..+G3=
[Gn(Gne1)*+(G1-Go)*~3G?G1+4Go > ~(-1)™(G12-G1Go-Go?)Gn-1] 0
2

Example : For Go = 3 and G; = 2, the Gibonacci sequence is
3,2,5,7,12, 19, 31, 50, 81, 131, 212,...
GO3 +Gp3 + Gp34..4Gg3=
[Go(G10)*+(G1-Go)*~3Go*G1+4Go> ~(=1)°(G1%~G1 Go~Go*)Gs]

2

Go? + G13 + G3+..+Gy3=

[131(212)%+(2-3)%-33%2+443~(~1)?(22-23-3)?81]
2

Go® + G13 + Gp3+..+Go3=
[(131)(44944)-1-54-108+(-11)81]

2

Go? + G123 + G3+..+Gy3=
[5887664-1154+108-891] _ 0043413

By using direct summation we get :
Go? + G13 + G3+..+Gy3=
33 +23 453+ 734123 4193 + 313 + 503 + 813 + 1313
=9+ 8+ 125+ 343 + 1728 + 6859 +
29791 + 125000 + 531441 + 2248091 = 2943413

4. CONCLUSIONS

From the discussion above we can conclude that the sum of

cubic for Lucas number is Ly? + L3 + Ly3 + Lg3+..+L, 3= 2{1:0
2 n

(Li)3=L“(L“”) +5(£ D1+ 19 2nd for Gibonacci numbers is

Go® + G12 + Gp® + G33+..+Gy 3=

N (Gi)= [Gn(Gn+1)*+(G1-Go)*~3G0?G1 +4Go> ~(-1)(G1*-G1Go-Go*)Gn-1]
i=0 \G1)"= 2
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