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Abstract

The locating-chromatic number of a graph was combined two graph concept,
coloring vertices and partition dimension of a graph. In this paper, we discuss about
locating-chromatic number of a subdivision firecracker graphs.
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1. Introduction

The locating-chromatic number of a graph was introduced by Chartrand et al. [1]
in 2002, with derived two graph concept, coloring vertices and partition dimension
of a graph. Let G = (V, E) be a connected graph and ¢ be a proper k-coloring of G
with color 1,2, ..., k. LetIT = {C;, C,, ..., C;.} be a partition of V(G) which is induced
by coloring c. The color code cp(v) of v is the ordered k-tuple
(d(w, Cy),d(v, Cy),....d(v, Cy)) where d(v, C;) =min {d(v, x)|x € C;} forany . If
all distinct vertices of G have distinct color codes, then c is called k-locating
coloring of G. The locating-chromatic number, denoted by y, (G), is the smallest k
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such that G has a locating k-coloring. A vertex u € S; for some i, is dominant if
d(u,S;) =1forj =i

Chartrand et al.[2] determined the locating chromatic number for some graph
classes, such as on P, is a path of order n > 3 then x, (B,) = 3; for acycle C, if n
is odd y, (C,,) = 3, and if neven y, (C,) = 4; for double star graph (Sep)1<a<
b and b > 2, obtained ¥, (S, ) = b + 1. Asmiati et al. [3] obtained the locating

chromatic number of amalgamation of stars and furhemore, Asmiati [4] found for
non homogeneous amalgamation of stars. Next, Asmiati [5] investigated the
locating chromatic number for banana tree.

A Firecracker graph F,, ,, namely the graph obtained by the concatenation of n stars
Sk by linking one leaf from each star. Let V(F, ;) = {xpmy | i€[Ln]; j€
[Lk—2]} and E(Fux) = {xpmuql (€[Ln]} U{x,myljlie[ln];je
[1, k — 2]}. If we give subdivision one vertex y; in edge x;, m; , we denote F,
with n, k natural numbers.

Asmiati et al.[6] investigated the locating-chromatic number of firecracker graph
Foj. forn =2, x, (For) =4:fork =5,y (Fu) =k —1for2<n <k —1and
%, (Fnx) = k otherwise. Next, Asmiati [7] determined the locating chromatic
number of Fy; , with n, k natural numbers. Besides that in this paper, we will discuss
about the locating chromatic number of subdivision firecracker graphs.

The following theorem is basic to determine the lower bound of the locating
chromatic of a graph. The set of neighbours of a vertex s in G, denoted by N(s).

Theorem 1.1 : Chartrand et al.[1]

Let G be a connected graph and c is a locating coloring in G. If u and s are distinct
vertices of G such that d(u,w)=d(s,w) for all w € V(G) — {u, s}, then c(u) # c(s).
In particular, if u and s are adjacent to the same vertices in G such that N(u) #
N(s), then c(u) #+ c(s).

Corollary 1.1 : Chartrand et al.[1]
If G is a connected graph containing a vertex adjacent to k leaves of G, then
% (G) =k +1.
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2. Main Results

In this section we will discuss the locating chromatic number of subdivision fire-
cracker graphs, namely Fp. Fy; s a graph obtained from subdivision graph Fy, , as
much as s > 2 even vertices on each side x;y; and y;m; for every i € [1,n]. Thus
x;y; and y;m; become a path for every i€ |[1,n]. Let path x;y; =
{x;,a;1,a;3, ...,a;r,y;} for every re|[l,s]lands=>2 even, path ym; =
{yi, bi1, bi2, ..., by, m;} forevery r € [1,s] and s > 2 even.

Theorem 2.1.
Let F,; be a subdivision firecracker graphs. Then,:
oy (Fra) =4;n2=2
ii. Fork>=5
k—1,1<n<k-1
Sx* —_ ) — —_
X (Fri) = { k ,otherwise.

Proof:

(i) By Corollary 1.1, we have y, (Fy3) = 3. For a contradiction, assume we have 3-
locating coloring on Fpy for n>2, namely 1, 2, and 3. So,
{c(my), c(l11), c(li2)} = {c(my), c(l31), c(l22)} = {1,2,3}. If we assign c(my) is
one of {1,2,3} then color of b; is same with one of colors {l;4, l;,}. Therefore there
are two vertices have the same color codes, a contrary. So, y, (F3) = 4 forn > 2.

Next, we determine the upper bound of F’, for n > 2. Assign the 4-coloring ¢ on
Fy as follows :
e c(x;) =3foroddiandc(x;) =2 foreveni.

e c(a;) = c(y;) forodd r and c(a;,-) = c(x;) forevenr.
e c(y;) =2,foroddiandc(y;) =1 foreveni.
e c(b,) = c(m;)foroddrand c(a;) = c(y;) forevenr.
e c(m;) =3 foroddiandc(m;) =2 foreveni.
e For all vertices [;; , define

4ifi=1,j=1

1ifi >2,j=1

c(ly) = 2foroddi,j =2
3foreveni,j =2

The coloring ¢ will create the partition ITon V(F;%). We shall show that the color
codes of all vertices in F;, are different. For odd i, we have cpy(x;) =
(2,1,0,i + 2 + 2s) and foreven i, c(x;) = (1,0,1,i + 2 + 25). For y;,cn(y1) =
(3+5,0,1,2+ s) and for i = 2, we have c;(y;) = (3,0,1,i + 3 + 3s) for odd i,
cn(yi) = (0,1,2,i + 3 + 3s) for even i. For m;, we have c;(m,) = (4,1,0,1) and
fori = 2, we have cy(m;) = (1,1,0,i + 4 + 4s) forodd i, cy(m;) =
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(1,0,1,i + 4 + 4s) for even i. For vertices [;;, we have cy(l;;) = (5 + 35,2,1,0)
and cr(ly2) = (5+3s,0,1,2). Fori > 2, c(liy) = (0,1,2,i + 5+ 4s) , cp(ly;) =
(0,2,1,i + 5+ 4s) forodd i, c;(1;;) = (2,1,0,i + 5 + 4s) foreven i. For c(a;,) =
c(y;) for odd r and c(a;-) = c(x;) for even r, for c(b;.) = c(m;) for odd r and
c(b;) = c(y;) forevenr, forsome r € [1,s] and s = 2 even.

Letu,v € V(Fy4) and c(u) = c(v) then:

o Ifu=a;,andv = a; forsomei,j,h,land i # j, then cy(u) # cn(v).

o Ifu=b;,andv = by forsomei,j, h,land i # j , then cy(u) # cp(v).

e Ifu=ayandv = bj forsomei,j, h,landi # j, then cy(u) # cp(v).
Since the color codes of all vertices in F,, , are different, thus c is locating chromatic
coloring. So y, (Fr3) < 4, n > 2. Asaresult, we have y; (Fy3) = 4;n = 2.

(ii) Next, we will show that for k = 5, 3, (F}) = kifn >k and y, (F}) =
k—1,if 1 <n <k —1.Toshow this, let we consider the following two cases:

Casel.Fork>5and1<n<k-1.

Since each vertex m; is adjacant to (k — 2) leaves, by Corollary 1.1, we have
% (Fax) = k — 1. Next, we will show that y, (F%) <k —1fork>5andn <

k — 1. Define a (k — 1)-coloring ¢ of Fy}, as follows. Assign c(m;) =i, for i €
[1,n] and all the leaves: {l;;|j = 1,2, ...,k — 2} by {1,2, ...,k — 1}\{i} for any i.
However c(y;) =2, for odd i and 1 for even i, c(x;) #c(m;) for i€
[1,2, ...,k —1]. For c(a;) = c(y;) for odd r and c(a;) = c(x;) for even r, for
every r € [1,s] ands > 2 even. As a result, coloring ¢ will create a partition
[1={Uy, Uy, ..., Up_1} on V(ES3), where U is the set of all vertices with color i.

We show that the color codes for all vertices in F;) fork > 5andn < k — 1 are

different. Let u, v € V(Fy;})and c(u) = c(v) . Then, consider the following cases:

o If u=1;;,v=1; for some i, j, h, I and i # j, then cy(u) # cy(v) since
d(u, Ul) * d(v, Ul)

o Ifu=1v=m;forsomei,j h, andi # j, then u must be dominant vertex
and v is not . So cy(u) # cp(v).

o Ifu=1l;,v=y; forsomei,j, h, and i # j, then there exactly one set in IT
which has the distance 1 from u and there is at least two set in IT which has the
distance 1 from v. Thus cy(u) # cg(v).

o Ifu=1l;,v=x forsomei, j, h, and i # j, then there exactly one set in II
which has the distance 1 from u and there is at least two set in IT which has the
distance 1 from v. Thus cy(u) # c(v).

e Ifu=1v=aforsomei,j h, andi # j, then there exactly one set in IT
which has the distance 1 from u and there is at least two set in IT which has the
distance 1 fromv. Thus cy(u) # cg(v).
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e Ifu=m; v=y;forsomei,j andi # j, then u must be dominant vertex and
vis not. So cy(u) # cp(v).
e Ifu=m; v=x;forsomei,j andi # j, then u must be dominant vertex and
vis not. So cy(u) # cp(v).
e Ifu=m; v=ay forsomei,jh andi # j, then u must be dominant vertex
and v is not. So cp(u) # c(v).
e If u=y;andv=x; for some i, j and i # j, then cy(u) # cy(v) since
d(u, Ul) * d(v, UL)
e If u=y;andv = a;, for some i, j,h and i # j, then cy(u) # cy(v) since
d(u, Ul) * d(v, UL)
e Ifu=x;andv =x;theni =1and; =n. Socy(u) # cn(v).
e Ifu=ayandv =ajforsomei,j h, landi # j,then cy(u) # cp(v).
For all the above cases, we can see that the color codes of all vertices in Fy; ;. for k
>5,n <k —1are different. Thus y, (Fy) <k—1for1<n<k—-1. So, we
have, y,(Fpx) =k —1forl<n<k-1.

Case2.Fork >5andn > k.

Since each vertex m; is adjacant to (k — 2) leaves, by Corollary 1.1, we have
%, (Fax) = k — 1 forn > k. For a contradiction, assume we have (k — 1)-locating
coloring con Fy for k > 5and n > k. Since n > k, then there are i, j, i # j such
that {c(l;y) | t € [1,k — 2]} = {c(l;,) | p € [1, k — 2]}. Therefore the color codes
of m; and m; are the same, a contradiction. As a result, x, (F,}) = k for k = 5 and
n = k.

Next, we determine the upper bound of F;} for k > 5, n > k. To show that
% (Fax) <k, k=5 and n =k, consider the locating coloring ¢ on F.} as
follows:
e c(x;) =1foroddiand c(x;) = 3 foreveni.
c(ay) = c(y;) for odd r and c(a;,) = c(x;) forevenr.
c(y;) = 2, forevery i.
c(by) = c(m;) for odd r and c(b;,) = c(y;) forevenr.
c(m;) =1, forevery i.
If A=1{1,2,..,k}, define

. _ (A\{1,k—1}, ifi=1
{C(lij)lj =12,k =2} = {A\{l, k}, otherwise.
The coloring ¢ will create a partition V (F, ). We shall show that the color codes

*

of all vertices in Fy;}, are different.

0 , for i"component
() = 1 , for 2™ and 3"¢component
4+ 4s , for (k — 1)"*component
3+ 2s , otherwise.

Fori > 2 odd
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0 , fori**component
_ 1 , for 2" and 3"¢component
cn(x;) = { th
i+2+2s , fork"™component
k 34 2s , otherwise.
Fori = 2 even
( 0 , for 15t and 2™ component
() = i . for 3Zhdcomponent
+2+2s , for k"™ component
3+ 2s , otherwise.
( 1 , for i*" component
| 0 , for and 2™ component
cn(yy) = { 5+ 3s , for (k—1)""component
li+3+s , fork™component
k 2+s , otherwise
Fori = 2 odd
1 , for 15t component
0 , for 2™component
Cl'[(yl) - { th
i+3+s , fork"component
k 2+s , otherwise.
Fori > 2 even
, for 1%tand 3" component
, for 2™ component
en(i) = { +3+s , fork™ component
2 + S , otherwise.
, for 15¢ component
cn(my) = {6 +4s , for (k—1)*" component
, otherwise.
For i>2
0 , for 15t componen
cn(m;)) ={i+4+4s , for k'™ component
1 , otherwise.
Forj=12,..,k—2
(1 , for 15t component
, for j*" component
n() =1 ° r
7+ 4s , for (k —1)'* component

k 2 , otherwise.
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(1 , for 15¢ component

{ 7+4s , for (k— 1) component
, for k*" component

k 2 , otherwise.

cn(li—p) =

Fori#1,=12,..,k—2

1 , for 15t component
, for j*" component
, for k'™ component
2 , otherwise.

en(hy) = i +5+4s

Letc( a;) = c(y;) and c(b;) = c(m;) forodd r; c(a;) = c(x;) and c(b;) =
c(y;) forevenr, r €[1,s]and s > 2 even. Let u,v € V(F;}) and c(u) = c(v)
then :

e Ifu=a;andv = aj forsomei,j,h,landi # j, then cy(u) # cp(v).

e Ifu=b;, andv = b;, forsome i,j,h,land i # j, then cy(u) # cy(v).

o Ifu=a; andv = by forsomei,j,h,landi # j,then cy(u) # cy(v).
Since the color codes of all vertices are different, thus c is locating chromatic
coloring in Fy} , s0 x, (Fy)) < k,n = k. Thus, we have x, (Fy}) = k forn > kB

@ o’ ‘@ o’ 20|/ ® @ ® e\ / ®
I 4 1 ¥ 1 @ | @ (&
> @ 2 @ > @ ) @ ) @
1 @ 1 @ 1 @ 1 ® ®
o 3 2 @ 2@ > @ @
1 @ 3 © 1@ 3 € °
2 ® @ 2 ® ) @ 2@
(&3 D & > O

Fig.(1): A minimum locating coloring of FZ§

3. Conclusion

The locating chromatic number of subdivision firecracker graphs, namely Fy; is 4
forn > 2,whereasfork>5and 1 <n < k — 1, we have y, (F;}) =k —landk
for otherwise.
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