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Abstract. In this paper, we propose an analytical solution of convective-diffusion equation that 

derived from an oxidation reaction in a chemical reactor. Here, concentration of feed gas as 

dependent variable. In this study, the reaction are assumed to be a one-dimensional pseudo 

homogeneous model and it is evaluated at a certain reaction rate. By rescaling process, the nonlinear 

term of the reaction rate can be approximated by a linear term, resulting a linear convective-diffusion 

equation with an initial condition and a set of boundary conditions. Here, we present an analytic 

solution of the initial condition and the boundary conditions using the homotopy perturbation 

method. The results show that at the end of the reactor, the solution is in agreement with numerical 

solution of the initial and boundary conditions. 

Keywords: convective-diffusion equation, 1-D pseudo homogeneous model, homotopy 

perturbation method 

Abstrak. Dalam makalah ini, kami mengusulkan solusi analitik persamaan konveksi-difusi yang 

diturunkan dari reaksi oksidasi dalam reaktor kimia. Di sini, konsentrasi gas umpan sebagai 

variabel dependen. Dalam penelitian ini, reaksi diasumsikan sebagai model homogen semu satu 

dimensi dan dievaluasi pada laju reaksi tertentu. Dengan proses rescaling, istilah nonlinier dari 

laju reaksi dapat didekati dengan istilah linier, menghasilkan persamaan konveksi-difusi linier 

dengan kondisi awal dan serangkaian kondisi batas. Di sini, kami menyajikan solusi analitik dari 

kondisi awal dan kondisi batas menggunakan metode perturbasi homotopy. Hasil penelitian 

menunjukkan bahwa pada akhir reaktor, solusinya sesuai dengan solusi numerik kondisi awal dan 

batas. 

Kata Kunci: persamaan konveksi-difusi, model homogen semu 1-D, metode perturbasi homotopy 
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1. Introduction 

Oxidation is a chemical reaction that take places between a substrate of reactant with 

oxygen. For hydrocarbon oxidation, if the reaction is complete, it will produce carbon 

dioxide (CO2) gas and water (H2O) molecules. In a catalytic reactor, oxidation can be 

considered as a fluid dynamic problem in porous medium where the feed gas and catalist 

respectively as fluid and porous medium.  
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Dynamic of dependent variables in the oxidation process at every time and position can 

be described in a convective-diffusion equation system with nonlinear reaction rate terms. 

Several mathematical models have been discussed to describe the dynamics of dependent 

variables, especially concentration and temperature. The main difference between the 

models depends on the heat dissipation. Here, the heat dissipation refers to axial heat 

conductivity, inter-phase heat transfer or heat transfer in catalyst granules and heat radial 

diffusion. The contribution of heat dissipation factor will give a different model. In 

general, the mathematical models that used are  the pseudo homogeneous models and 

heterogeneous models [1]. 

The existence of non-linear terms in the mathematical model of oxidation reactions makes 

numerical approach as an alternative to describe the behavior of the dynamics of 

dependent variables. But there are some researchers who carried out analytical 

approaches, using certain assumptions, to discuss the behavior of dependent variables. In 

[2], Nuryaman et al. presented a singular perturbation problem for conversion variable in 

steady state conditions and solved using matched asymptotic methods. Furthermore, 

Nuryaman and Gunawan (see [3]) used the asymptotic expansion method to solve 

singular perturbation problems for temperature and concentration variables in steady state 

conditions. In those study, the authors used one-dimensional (1-D) pseudo homogeneous 

model.  

In this article, we will discuss the unsteady state solution of conversion of the oxidation 

reaction in a catalytic chemical reactor through a different analytical approach. We 

assume that the model are one-dimensional pseudo homogeneous and the reaction rate 

takes place at a fixed temperature.  Rescalling the variables, we obtain a dimensionless 

linear convective-diffusion equation. We solve the derived equation using the homotopy 

perturbation method. 

2. Materials and Methods 

Here, we use 1-D pseudo homogeneous model that adopted from [4], those are 

𝐾
𝜕𝑇

𝜕𝜏
= 𝜆𝑎𝑥

𝜕2𝑇

𝜕𝑧2 − 𝑢(𝜌𝑐𝑝)
𝑠

𝜕𝑇

𝜕𝑧
+ (−∆𝐻)𝑔(𝑇)𝐶 − 𝑈𝑤𝑎𝑤(𝑇 − 𝑇𝑐)  (1) 

𝜖
𝜕𝐶

𝜕𝜏
= 𝜖𝐷

𝜕2𝐶

𝜕𝑧2 − 𝑢
𝜕𝐶

𝜕𝑧
− 𝑔(𝑇)𝐶  (2) 
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with 𝐾 = (1 − 𝜖)(𝜌𝑐𝑝)
𝑠

+ 𝜖(𝜌𝑐𝑝)
𝑔

,  𝑔(𝑇) =
𝜂𝑘∞𝑘𝑐𝑎𝑣 exp(−𝐸𝑎/𝑅𝑇)

𝑘𝑐𝑎𝑣+𝜂𝑘∞ exp(−𝐸𝑎/𝑅𝑇)
 and boundary 

conditions 

−
𝜆𝑎𝑥

𝑢(𝜌𝑐𝑝)
𝑔

𝜕𝑇

𝜕𝑧
= 𝑇𝑖𝑛 − 𝑇,   −

𝜖𝐷

𝑢

𝜕𝐶

𝜕𝑧
= 𝐶𝑖𝑛 − 𝐶, at 𝑧 = 0 (3) 

𝜕𝑇

𝜕𝑧
= 0,   

𝜕𝐶

𝜕𝑧
= 0 at 𝑧 = 𝐿 (4) 

The variable of 𝑇 = 𝑇(𝑧, 𝜏) and 𝐶 = 𝐶(𝑧, 𝜏), respectively,  denote temperature (Kelvin, 

K)  and consentration (molar) of feed gas at position 𝑧 and time 𝜏. Equations (1)-(2) are 

called Danckwert boundary conditions [5] where 𝑇𝑖𝑛 and 𝐶𝑖𝑛 denote temperature and 

concentration of feed gas that enter the reactor, and L denotes the length of reactor (m). 

Here, the initial conditions assumed 𝑇(𝑧, 0) = 𝑇0 = 𝑇𝑖𝑛, and 𝐶(𝑧, 0) = 0 

Non dimensionalization process gives dimensionless equations as follow [6] 

𝜃𝑡 = 𝑘1𝜃𝑥𝑥 − 𝑘2𝜃𝑥 + 𝑘3𝑔(𝜃)(1 − 𝜒) − 𝑘4(𝜃 − 𝜃𝑐) (5) 

𝜒𝑡 = 𝑘5𝜒𝑥𝑥 − 𝑘6𝜒𝑥 + 𝑘7𝑔(𝜃)(1 − 𝜒) (6) 

with boundary conditions  

𝑘1𝜃𝑥(0, 𝑡) = 𝑘2(𝜃(0, 𝑡) − 1),   𝑘5𝜒𝑥(0, 𝑡) = 𝑘6𝜒(0, 𝜏), (7) 

𝜃𝑥(1, 𝑡) = 0,   𝜒𝑥(1, 𝑡) = 0 (8) 

In previous research, Nuryaman et al. (see [2]) constructed a singular perturbation 

problem using Equations (5)–(8) at steady state and takes place with a certain reaction 

rate in which the whole process of the reactor still workable and with small temperature 

variation and no heat loss. This leads to an equation in terms of the conversion variable 

only. An asymptotic solution using matched asymptotic method  obtained until two terms. 

In this paper, we study dynamic of the conversion variable using Equation (5)-(8) at 

unsteady state and takes place with a certain reaction rate where the reaction 

spontaneously. This leads to an equation in terms of the conversion variable only as 

follow 

𝜒𝑡 = 𝑘5𝜒𝑥𝑥 − 𝑘6𝜒𝑥 + �̅�7(1 − 𝜒) (9) 

with boundary conditions and intial condition  

      𝑘5𝜒𝑥(0, 𝑡) = 𝑘6𝜒(0, 𝑡),    𝜒𝑥(1, 𝑡) = 0,   𝜒(𝑥, 0) = 0. (10) 

In next section will be presented an analytical solution of the initial and boundary 

conditions (9)-(10) using homotopy perturbation method. This method was introduced in 
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[7] where its basic idea is by introducing a homotopy parameter, namely 𝑝, with 𝑝 ∈

[0,1].  Application of this method for partial differential method  presented in [8] like 

below. 

Consider the following differential equation  

𝐿(𝑢) + 𝑁(𝑢) = 𝑓(𝑟),    𝑟 ∈ Ω (11) 

with boundary condition  

𝐵 (𝑢,
𝜕𝑢

𝜕𝑛
) = 0,    𝑟 ∈ Γ (12) 

where 𝐿 a linear operator, 𝑁 nonlinear operator, 𝐵 boundary operator, Γ is the boundary 

of the domain Ω, and 𝑢 is a known analytical function. Construct a homotopy 

𝑣(𝑟, 𝑝): Ω × [0,1] → ℝ which satisfies  

𝐻(𝑣, 𝑝) = (1 − 𝑝)[𝐿(𝑣) − 𝐿(𝑢0)] + 𝑝[𝐿(𝑣) + 𝑁(𝑣) − 𝑓(𝑟)] (13) 

Here 𝑣 ∈ Ω, 𝑝 ∈ [0,1] and 𝑢0 is an approximation of initial solution Equation (11) which 

satisfies the boundary conditions (12). By (13), it follows that 

𝐻(𝑣, 1) = 𝐿(𝑣) + 𝑁(𝑣) − 𝑓(𝑟) (14) 

𝐻(𝑣, 0) = 𝐿(𝑣) − 𝐿(𝑢0) (15) 

If 𝑝 changes from 0 to 1, then 𝑣(𝑟, 𝑝) changes from 𝑢0(𝑟) to 𝑢(𝑟). In topology, this is 

called deformation, 𝐿(𝑣) − 𝐿(𝑢0) and 𝐿(𝑣) + 𝑁(𝑣) − 𝑓(𝑟) are called homotopic. 

Assume that the solution of (14) and (15) can be written as power series of 𝑝, 

𝑣 = 𝑣0 + 𝑝𝑣1 + 𝑝2𝑣2 + ⋯. (16) 

with 𝑣 = 𝑣(𝑥, 𝑡). Then the approximation of solution Equation (11) can be obtained as 

follow  

𝑢 = lim
𝑝→1

𝑣 = 𝑣0 + 𝑣1 + 𝑣2 + ⋯. (17)  

3. Results and Discussion 

Based on the procedure that explained in the previous section, to solve the problem in 

(9)-(10), we obtain, respectively, the linear and non linear operator as follow 

𝐿(𝑣) = 𝑣𝑡 (18) 

𝑁(𝑣) = −𝑘5𝑣𝑥𝑥 + 𝑘6𝑣𝑥 − �̅�7(1 − 𝑣). (19) 

From Equation (13) we get 

𝐻(𝑣, 𝑝) = 𝑣𝑡 − 𝑢0𝑡 + 𝑝𝑢0𝑡 + 𝑝[−𝑘5𝑣𝑥𝑥 + 𝑘6𝑣𝑥 − �̅�7(1 − 𝑣)] = 0 (20) 

Based on the assumption that 𝑣 can be written in power series (16) then we obtain 
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𝐻(𝑣, 𝑝) = (𝑣0𝑡 + 𝑝𝑣1𝑡 + 𝑝2𝑣2𝑡 + ⋯ ) − 𝑢0𝑡 + 𝑝𝑢0𝑡     

−𝑘5𝑝(𝑣0𝑥𝑥 + 𝑝𝑣1𝑥𝑥 + 𝑝2𝑣2𝑥𝑥 + ⋯ ) + 𝑘6𝑝(𝑣0𝑥 + 𝑝𝑣1𝑥 + 𝑝2𝑣2𝑥 + ⋯ ) −

�̅�7𝑝[1 − (𝑣0 + 𝑝𝑣1 + 𝑝2𝑣2 + ⋯ )] = 0. (21) 

For initial solution, choose 𝑢0 = 0. 

Solution of (21) is obtained by solving the equation of the left and right side which have 

the same order 𝑝, i.e 

Order 𝑝0: 𝑣0𝑡 − 𝑢0𝑡 = 0 (22) 

Order 𝑝1: 𝑣1𝑡 + 𝑢0𝑡 − 𝑘5𝑣0𝑥𝑥 + 𝑘6𝑣0𝑥 − 𝑘7(1 − 𝑣0) = 0 (23) 

Order 𝑝2: 𝑣2𝑡 − 𝑘5𝑣1𝑥𝑥 + 𝑘6𝑣1𝑥 − 𝑘7(−𝑣1) = 0 (24) 

Order 𝑝3: 𝑣3𝑡 − 𝑘5𝑣2𝑥𝑥 + 𝑘6𝑣2𝑥 − 𝑘7(−𝑣2) = 0 (25) 

 ⋮ 

Initial conditions for every order-𝑝 is 

Order 𝑝𝑖: 𝑣𝑖(𝑥, 0) = 0, 𝑖 = 0,1,2,3, …. (26) 

By integrating respect to 𝑡, the general solution of (22) is 

𝑣0(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) + 𝑐0(𝑥) (27) 

Initial condition (26) and initial solution 𝑢0 give 𝑐0(𝑥) = 0. Thus the solution of Equation  

(22) is 

𝑣0(𝑥, 𝑡) = 0 (28)  

Next, for order 𝑝1,  by using Equation (28) and initial solution 𝑢0 then Equation (23) 

becomes 

𝑣1𝑡 = 𝑘7 (29) 

with general solution is 

𝑣1(𝑥, 𝑡) = 𝑘7𝑡 + 𝑐1(𝑥). (30) 

Initial condition (26) gives 𝑐1(𝑥) = 0,  thus  

𝑣1(𝑥, 𝑡) = 𝑘7𝑡. (31) 

As for order 𝑝2, by using (31) then Equation (24) becomes  

𝑣2𝑡 = −𝑘7
2𝑡 (32) 

with general solution is 

𝑣2(𝑥, 𝑡) = −
1

2
𝑘7

2𝑡2 + 𝑐3(𝑥). (33) 

Initial condition gives 𝑐2(𝑥) = 0 so that  

𝑣2(𝑥, 𝑡) = −
1

2
𝑘7

2𝑡2. (34) 
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By using the result of previous order, then the solutions for order 𝑝3, 𝑝4, …. are: 

𝑣3(𝑥, 𝑡) =
1

6
𝑘7

3𝑡3. (35) 

𝑣4(𝑥, 𝑡) = −
1

24
𝑘7

4𝑡4. (36) 

 ⋮ 

𝑣𝑛(𝑥, 𝑡) =
(−1)𝑛+1

𝑛!
(𝑘7𝑡)𝑛. (37) 

Therefore the solution of 𝜒 is 

𝜒(𝑥, 𝑡) = lim
𝑝→1

𝑣 = 𝑣0 + 𝑣1 + 𝑣2 + ⋯. 

= lim
𝑝→1

𝑝𝑘7𝑡 −
1

2
𝑝2𝑘7

2𝑡2 +
1

6
𝑝3𝑘7

3𝑡3 −
1

24
𝑝4𝑘7

4𝑡4 + ⋯. 

= 𝑘7𝑡 −
1

2!
𝑘7

2𝑡2 +
1

3!
𝑘7

3𝑡3 −
1

4!
𝑘7

4𝑡4 + ⋯ 

             = 1 − 𝑒−𝑘7𝑡               (38) 

For comparison, here the analytical solution in Equation (38) will be compared with a 

numerical solution of Equation (10). We use finite difference method, by means forward 

time center space [9]. Plot of time 𝑡 versus conversion 𝜒 for some parameter values at 

certain position (the right end reactor) are shown in Figure 1 and Figure 2. 

 

Figure 1. Plot 𝑡 vs 𝜒 for 𝑘5 = 0.001, 𝑘6 = 0.1112 and 𝑘7 = 0.315 where solid line 

represents the analytical solution and dashed line represents the numerical solution  
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Figure 2. Plot 𝑡 vs 𝜒 for 𝑘5 = 0.001, 𝑘6 = 0.1112 and 𝑘7 = 0.515 where solid line 

represents the analytical solution and dashed line represents the numerical solution 

4. Conclusion 

Based on available data, we have studied a mathematical model for conversion variable 

of oxidation reaction in a chemical reactor at unsteady state condition. By using homotopy 

perturbation method we get an analytical solution approximation and compare it with a 

numerical solution. The results show that the analytical solution at the end of the reactor 

is in agreement with numerical solution of the initial and boundary conditions for 

parameter values that correspond to reaction rate are big enough. 
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