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Abstract 

The integrability of traveling wave solution mappings can be obtained 
as reductions of the discrete generalized ΔΔ modified Korteweg-de 
Vries (ΔΔ-mKdV) equation. The properties of the integrable discrete 
dynamical system can be examined through the level set of integral 
function. In this paper, we show that the integral of a three-
dimensional traveling wave solution mapping derived from 
generalized ΔΔ-mKdV equation can be made in the normal form. 

1. Introduction 

Discrete integrable systems can be classified into two main classes: 
integrable partial difference equations and integrable ordinary difference 
equations. Integrable ordinary difference equations are equivalent to 
integrable mappings. By imposing a periodicity condition, not only 
integrable lattice equations can be reduced to ordinary difference equations 
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(or mappings/maps) [3, 6, 2, 1] but also there is a connection between the 
two classes so that many integrable maps can be obtained from integrable 
partial difference equations [5, 4, 6]. In this paper, we study the integrability 
of the discrete generalized ΔΔ modified Korteweg-de Vries (ΔΔ-mKdV) 
equation. 

Consider the standard ΔΔ-mKdV equation on the 2D lattice ( )2Z  defined 

as [6] 

( ) ( ),1,,1,1,1,1,1,11, ++++++++ −=− mlmlmlmlmlmlmlml VVVVpVVVVq  (1) 

where the V fields are defined on the lattice sides of the ,, Z∈ml  which are 

two discrete variables. Suppose ( )kml,ξ  denotes a vector containing a wave 

function that depends on a spectral parameter k. The above equation can be 
derived through the following mappings: 
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,,,1 kMkpk ml
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which are Lax pair matrices. These mappings are well defined when the 
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following condition is satisfied: 

 ( ) 0,,1,,,1 =− ++ ml
vert

ml
hor

ml
hor

ml
vert

ml MMMM ξ  (2) 

for all ( ) ., 2Z∈ml  This condition is known as compatibility condition. 

Tuwankotta and Quispel [7] have made the derived discrete dynamic 
system through the effort of multiplying the parameters on the Lax matrix 
system. It is intended that the system’s integrity properties are always 
maintained in examining more dynamics occurring from a discrete dynamic 
system (see [7] and [8]). By the same procedure, the following shows the 
attempt to elaborate (1). 

Consider the following Lax pair matrices: 
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Based on compatibility condition, the following four nonlinear equations 
will be obtained: 
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( )
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 (4) 

To be consistent with each other, the parameters jα  and jβ  with ,2,1=j  

4,3  in equation (4) must be consistent. 

As a result, the first two equations are obtained 

 .03223 =βα−βα  (5) 

In addition, from the last two equations in (4) obtained: 

 ( ) ( ) .01,11,4,1,13223 =β−ββα−βα ++++ mlmlmlml VVVVq  (6) 

From the relationship (5), equation (6) becomes consistent when =α2  3α  

and .32 β=β  Thus, the system with the Lax matrix (3) will be consistent if 

32 α=α  and .32 β=β  For example, 

( ) ( ).,,,,,,,, 42214221 ββββαααα=βα  

As a result, the generalized Lax matrices for the system (1) can be written as 
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and 

.
,
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4
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2
2
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By substituting hor
mlP ,  and vert

mlP ,  into compatibility condition (2), we get the 

form of mappings derived from the generalized equation ΔΔ-mKdV which is 
a part of the four-parameter family mapping: 

01,11,4,1,31,1,121,,1 =θ+θ−θ−θ ++++++++ mlmlmlmlmlmlmlml VVVVVVVV  

 (7) 

with qpp 123242211 ,, βα=θβα=θβα=θ  and .424 qβα=θ  

2. Main Result 

A. The traveling wave solution of the generalized ΔΔ-mKdV equation  

In 2016, Zakaria and Tuwankotta described a procedure to derive a two-
dimensional traveling wave solution mapping of ΔΔ-sine Gordon equation 
[8]. Using the same procedure, a two-dimensional traveling wave solution 
mapping of ΔΔ-mKdV equation (7) can be obtained. 

Consider the following discrete traveling wave solution relationship: 

,, nml VV =  where mzlzn 21 +=  

with 1z  and 2z  being relatively prime integers. Substituting these terms into 

(7), we obtain 

.021212112 4321 =θ+θ−θ−θ ++++++++ zznznznnzznznznn VVVVVVVV  (8) 

Equation (8) is a form of the traveling wave solution derived from the 
generalized ΔΔ-mKdV equation. For the fixed values of 1z  and ,2z  equation 
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(8) is a mapping of .2121 zzzz ++ → RR  It can be checked that equation (8) is 
invariant for a transformation ,11 zz −→  ,21 θ−→θ  and .21 zz ↔  In 

addition, it also fulfills the periodic nature, namely ( )., 12 zjzi −+  

Equation (8) is equivalent to the following mapping: 
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 (9) 

Note that the mapping in [6] can be obtained from (9) by setting 21 θ=θ  

p=  and .43 q=θ=θ  

B. The integral normal form for a mapping derived from the generalized 
ΔΔ-mKdV equation: three-dimensional mapping case 

Let us take 11 =z  and .22 =z  So from (9), the third order of difference 

equation will be obtained as follows: 

03241331221 =θ+θ−θ−θ ++++++ nnnnnnnn VVVVVVVV  

which is equivalent to a three-dimensional mapping: 

( )
( ) ,

2214
1123

2
++
++
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n VV

VVVV  

,21 ++ =′ nn VV  

.1+=′ nn VV  (10) 
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We call equation (10) as three-dimensional mapping derived from 
generalized ΔΔ-mKdV equation. 

Consider equation (10). Then we denoted nζ  as the sequence in 2R  

which is defined as 
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and by θ a parameter vector in ( ).,,,: 4321
4 θθθθR  

Therefore, we can express the mapping as the two-dimensional mapping, 
i.e.: 

 ( ),1 nn ζζ θg=+  (11) 

where 
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( )nn ζζ θg=+1  has an integral. In other words, there is a function 2: RS  

R→  such that ( ) ( )nn SS ζζ =+1  for all natural number n. The procedure to 

obtain the integrals in more detail is described in [6]. 

For the mapping (10), the integral can be explicitly computed from the 
monodromy matrix below: 
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.
0

14
0

2
2

121

1
24

1

2
2

221

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
αα

−

α−α
⋅
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛
αα

−

α−α

V
pV

V
k

Vp

V
pV

V
k

Vp
 (12) 

The trace of the monodromy matrix in (12) is 

( ) ( )4
2
11

2
4

2
10, βα+βα= qpWWS  

( )
⎭
⎬
⎫
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For all ,N∈n  solution nζ  from system (11) is a level set of ( )., 10 WWS  

C. The normalization processing for the integral 

Assume that .02 ≠θ  Then the integral (13) can be written as 

( ) ( ) ( ) ( ) [ ]cmWWWWWWWWWWS 5.011,ˆ
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0
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δ

W  If ,3 δ=μ  ,3 δ−=μ  and ,03 =μ  then based on (14), we have, 
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respectively: 
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WW  If ,3 δ−=μ  ,3 δ=μ  and ,03 =μ  then based on (14), we have, 

respectively: 

( ) ( ) ( ),111, 10
10

10
10

104 WWWWWWWWWWS −⎟
⎠
⎞

⎜
⎝
⎛+++⎟

⎠
⎞

⎜
⎝
⎛ +μ=  (18) 

( ) ( ) ( ),111, 10
10

10
10

105 WWWWWWWWWWS +⎟
⎠
⎞

⎜
⎝
⎛+++⎟

⎠
⎞

⎜
⎝
⎛ +μ=  (19) 

( ) ( ) .111,
10

10
10

106 ⎟
⎠
⎞

⎜
⎝
⎛+++⎟

⎠
⎞

⎜
⎝
⎛ +μ= WWWWWWWWS  (20) 

Condition: .02 =μ  

( ) ( ) ( ),11, 1010
10

107 WWWWWWWWS −++⎟
⎠
⎞

⎜
⎝
⎛ +μ=  (21) 

( ) ( ) ( ),11, 1010
10

108 WWWWWWWWS +++⎟
⎠
⎞

⎜
⎝
⎛ +μ=  (22) 

( ) ( ).11, 10
10

109 WWWWWWS ++⎟
⎠
⎞

⎜
⎝
⎛ +μ=  (23) 
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Condition: 02 =θ  and .04 ≠θ  

If 02 =θ  and ,04 ≠θ  then the integral (14) can be written as: 

 ( ) ( ),111,ˆ
10

10
5

10
410 WWWWWWWWS −⎟

⎠
⎞

⎜
⎝
⎛μ−⎟

⎠
⎞

⎜
⎝
⎛ +μ=  (24) 

where ,
4
1

4 θ
θ

=μ  and .
4
3

5 θ
θ

=μ  

Let 
4

5
1
δ

=μ  and .0≠δ  Then choose scaling 
δ
0

0
WW  and .1

1 δ
WW  

Therefore, we have the following integrals: 

( ) ( ),111, 10
1010

1010 WWWWWWWWS −⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛ +μ=  (25) 

( ) ( ),111, 10
1010

1011 WWWWWWWWS −⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛ +μ=  (26) 

( ) ( ).11, 10
10

1012 WWWWWWS −⎟
⎠
⎞

⎜
⎝
⎛ +μ=  (27) 

Condition: .042 =θ=θ  

For the case of ,042 =θ=θ  we have two normal forms of integrals 

normal. Firstly, if 43
1
δ

=θ  and ,0≠δ  then the integral (14) can be written 

as: 

 ( ) .111,
1010

1013 ⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛ +μ= WWWWWWS  (28) 

Secondly, if ,03 =θ  we have other normal integral function, i.e. 

 ( ) .11,
10

1014 ⎟
⎠
⎞

⎜
⎝
⎛ += WWWWS  (29) 
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Note that the level sets of the integral ( )10, WWS  in (13) for all values of the 

parameters are completely determined by the level sets of ( ),, 10 WWS j  where 

.14...,,2,1=j  

3. Concluding Remark 

Based on the above discussion, we conclude that the integral in three-
dimensional maps derived from a ΔΔ-mKdV equation for all values of the 
parameters is completely determined by fourteen integral forms. After some 
derivations, three-dimensional traveling wave solution mapping is expressed 
into two-dimensional mapping, having solution on the level sets of fourteen 
integral functions ( ),, 10 WWS j  where .14...,,2,1=j  
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